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Chapter 1

Introduction

Oscillators are systems with a swinging output. They can be purely periodic, meaning
that their state repeats after a certain period, or less regular due to internal or
external factors. Within dynamical systems they emerge from different mathematical
frameworks, the typical being differential equations and dynamical maps. We will
focus only on continuous oscillators, therefore we will not consider maps.

Both ordinary differential equations (ODEs) as well as delay differential equations
(DDEs) are often used to describe oscillatory systems. ODEs describe the relation-
ship between the variables and their derivatives (typically in time), and DDEs can
also include delayed values of those variables. While ODEs cover finite dimensional
systems, systems with delay are in principle infinitely dimensional [1]. Because of
that, DDEs are typically harder to solve, but they offer rich dynamics. Some tra-
jectories of oscillatory systems are depicted in Figure 1.1. They correspond to the
Mackey-Glass equation [2], a DDE that we will refer to later in the Chapter 4. The
orbits are depicted in a time-delay embedded space, since the example system only
yields a single time series, x(t).

1.1 Oscillator classification

One can classify oscillators by their dynamical behaviour. Here I will briefly introduce
three different types of oscillators: self-sustained, excitable and stochastic.

1.1.1 Self-sustained oscillators

Self-sustained oscillators oscillate indefinitely without any stimulation. Physically,
this means they incorporate their own power source. Some examples of self-sustained
oscillators include the pendulum clock, flashing fireflies, beating hearts, etc.

Non-chaotic self-sustained oscillators are dynamical systems with an attrac-
tive limit cycle. If such a system is left unperturbed, it converges to this limit cycle,
where it then stays oscillating periodically with its natural frequency.

Chaotic self-sustained oscillators are characterized by a positive Lyapunov
exponent λ [3]. This exponent quantifies the rate of divergence of nearby trajectories.
At any point in the state space ~x0 the short-term time evolution of the distance
between two nearby trajectories ~δ grows exponentially:∣∣∣[~x0]t − [~x0 + ~δ]t

∣∣∣ = |~δ|eλt (1.1)
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Figure 1.1: Time embedded trajectories of the Mackey-Glass equation (4.7). Four different trajecto-
ries corresponding to four different parameters n = 6, 7, 8 and 9 depicted in blue orange green and red

respectively. In the background the bifurcation diagram is shown in orange.

here I denote the operator of time evolution with [·]t. The local Lyapunov exponent

at the point ~x0 in direction ~δ and can be quantified as:

λ~δ = lim
t→0

lim
δ→0

1

t

(
log
∣∣∣[~x0]t − [~x0 + ~δ]t

∣∣∣− log |~δ|
)

(1.2)

The vector ~δ specifies the direction of the difference between two trajectories and
it should be small in absolute value because exponential scaling (1.1) only holds
for nearby trajectories, that is why a limit of δ → 0 is taken. The limit in time
t → 0 specifies that this is a local exponent. Lyapunov exponents can also refer to
global exponents that describe the divergence over longer times and therefore do not
depend on a single state point ~x0. They can be expressed mathematically with a
similar expression as (1.2), just with time going to infinity:

λ = lim
t→∞

lim
δ→0

1

t

(
...
)

(1.3)

In practice, global Lyapunov exponents (1.3) can be estimated by averaging the
local Lyapunov exponents (1.2) over the attractor. A system has as many global
Lyapunov exponents as its dimensionality and if at least one is positive, then the
system is chaotic. An example of a chaotic oscillator is the Roessler system [4]:

ẋ = −y − z
ẏ = x+ ay

ż = b+ z(x− c)
(1.4)
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with a = b = 0.2 and c = 5.7, see Figure 1.2 for a trajectory realization. This
example is three dimensional, meaning it has three Lyapunov exponents. Only one
is positive, and that suffices for chaos. The second Lyapunov exponent is zero,
which corresponds to the direction of the flow. And the third Lyapunov exponent is
negative, accounting for the attractor being attractive, i.e. the sum of all Lyapunov
exponents of any attractor is negative.

As a comparison, the maximal Lyapunov exponent of before-mentioned limit cy-
cle oscillators is always zero. On any limit cycle the direction ~δ corresponding to the
fastest divergence (and therefore the largest local Lyapunov exponent) is tangential
to the limit cycle. Hence the flow on the limit cycle is marginally stable, i.e. two tra-
jectories starting anywhere on the limit cycle over time neither diverge nor converge,
their separation (averaged over 1 period) remains constant.

1.1.2 Excitable oscillators

Excitable systems are those characterized by having a resting state and an excited
state. If left unperturbed, their autonomous dynamics will take them to their resting
state, which is typically a stable fixed point. When stimulated with an external signal,
they can reach their excited state. From there they take a different path to return
back to the resting state. A continuously stimulated excitable system might spend
very little time in its resting state and can thus appear to be oscillating relatively
regularly [5].

The time it takes for the unperturbed system to return from the excited state
back to the resting state is called excursion time te. It is a natural and intuitive
quantity, but can be difficult to define non-arbitrarily because it is difficult to define
exact boundaries of the resting state, see Figure 1.3.

An example of an excitable system defined with ordinary differential equations is
the FitzHugh-Nagumo neuronal model [6]:

ẋ = x− x3/3− y
ẏ = (x+ 1.05)/10

(1.5)

Its resting state is a stable fixed point. I depict the time it takes to reach the ε = 0.001
vicinity of the fixed point from any point in the state space in color in Figure 1.3.
In the figure the boundary that determines the excited state can be clearly seen as a
sharp discontinuity in the time to reach the resting state (red-green boundary).

1.1.3 Stochastic oscillators

Stochastic oscillators fall into a separate category: every oscillator can be stochastic
when combined with noise. The noise can be considered part of the system, e.g. an
excitable oscillator perturbed by a stochastic force can be considered as one system,
and that union makes a stochastic oscillator. Stochastic oscillators are not deter-
ministic which means that their evolution cannot be exactly determined. That is
reminiscent of chaotic systems, where the positive divergence makes it hard to accu-
rately predict future states, but in the case of stochastic systems it is not difficult, it
is fundamentally impossible.
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Figure 1.2: A: chaotic attractor of the Roessler system [4] (1.4). A close group of starting points in red,
time evolved for 3 rotations in orange, for 10 rotations in yellow and 100 rotations in green - demonstrating
the diffusion within the system. B: two trajectories starting from a nearby point (δ = 0.001) depicted
with blue and orange. C: the logarithm of the difference between the two trajectories depicted in B. The

time averaged difference is depicted with thick purple.

Figure 1.3: The state space of an excitable oscillator, FitzHugh-Nagumo model [6] (1.5). The time it
takes to reach the δ = 0.01 vicinity of the attractive fixed point is depicted in color. A trajectory of the
system perturbed by correlated noise is shown in transparent white and the x component in time below,

the colors match the ones above.
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1.2 Phase

Dynamics of a system on a stable limit cycle are essentially one-dimensional and
may be described by a single variable, called the phase. By fulfilling the condition of
uniform growth under autonomous dynamics: ϕ̇ = ω, the phase is uniquely defined
up to a constant offset. For autonomous dynamics it is therefore congruent with
time.

Limit cycles are periodic, meaning that their state repeats after a certain amount
of time we call the period T0. It is therefore common to consider the phase wrapped
on a finite interval that represents one period. The size of this interval is arbitrary,
but commonly it is either (0, 1) or (0, 2π). I will be using (0, 2π) in this thesis.
Importantly, the concept of phase can be extended to states beyond the limit cycle
by using the notion of asymptotic phase. The idea is that any state that is within
the limit cycle’s basin of attraction will asymptotically approach it and therefore one
can assign a phase to any state by comparing it to a reference state on the limit
cycle. The surfaces (curves in 2D) in the state space that correspond to the same
asymptotic phase are called isochrons [7], see Figure 1.4 for examples. The notion
of asymptotic phase cannot be applied as rigorously to chaotic oscillators as it can
be to limit cycle oscillators. This is because of the lack of a reference point. On a
chaotic attractor an arbitrarily condensed group of points will in time diffuse evenly
over the entire attractor (see Figure 1.2A). Nevertheless, one can make an attempt
at ”roughly” describing the dynamics in terms of something similar to the phase [8].
The same holds true for stochastic oscillators. They cannot be rigorously assigned
asymptotic phase, but can be approximately described with a quantity similar to
phase [9].

Excitable oscillators can also be assigned a notion analogous to the phase - a one-
dimensional variable that defines the state and follows an equation of a particular
form. While for limit cycle oscillators that equation is uniform growth: ϕ̇ = ω, for
excitable systems that is the quadratic integrate and fire equation: ϕ̇ = ϕ(ϕ−c) [10],
where the constant c defines the transition point between the resting and excited state
and the phase resets after reaching a certain threshold since the equation otherwise
has no upper boundary. From here on, I will use the term phase to refer to the
asymptotic phase of a limit cycle oscillator only.

1.2.1 Numerical phase determination

Numerically, there is a simple scheme to determine the asymptotic phase of any
point within the basin of attraction. The phase is periodic, meaning that after a
time evolution of exactly one period it remains unchanged:

ϕ
(
[~x0]t

)
= ϕ

(
[~x0]t+nT0

)
, ∀n ∈ Z

Therefore, given a point ~x0, one simply has to let the system evolve in time for
several natural periods T0 until the system is close enough to its limit cycle. It is
worth noting that in order to do this reliably, the natural period has to be determined
with a high precision, otherwise a drift effect may build up. In practice, this can be
accomplished with proper integration schemes, such as the so-called Hénon trick [11].
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A B

C D

Figure 1.4: The isochronal structure of 4 oscillators. The limit cycles are depicted with a black line, while
the isochrons are depicted with gray. Three of the isochrons are highlighted with colors: red corresponding

to phase 0, green to 4
5π and blue to 7

5π. There are several things to notice in this figure:

• the oscillators can rotate in time either clockwise (B,D) or counter-clockwise (A,C), depending on
the combination of their dynamics and spatial representation. Notice the three colored isochrons,
they represent the same phase in all oscillators, 0 (red), 4

5π (green) and 7
5π (blue). Indeed this

is trivial, they are all two dimensional oscillators and if we switch the x and y axis the resulting
spatial representation depicts the oscillator rotation in the other direction.

• the curvature of isochrons. Oscillator A is an ideal case with uniform radial isochrons, in general
the isochrons are curved as the other three examples indicate.

• the density of isochrons. Oscillator A and B both still have rather uniform isochrons, but we see in
oscillator C that the density can vary dramatically, which translates to varying rotation speed in
time. Notice again the three colored isochrons, green and blue are very close together even though
they represent a substantial phase difference.

• the basin of attraction. Examples A and B have limit cycles whose basins of attraction span the
entire xy plane. With oscillator C we can notice a rounded empty region inside the limit cycle
towards its top. That region is not void of isochrons by coincidence, it is not part of the basin of
attraction of the limit cycle and therefore isochrons are not defined there. Another example of a
non-trivial basin of attraction is oscillator D, which encompasses all of the features mentioned so
far. It has a basin of attraction that is limited from the outside. Its frame, which for other oscillator
is simply a circle (their basin of attraction spans towards infinity) is in its case the boundary of its
basin of attraction, which is an unstable periodic orbit.

The isochrons were calculated with a background integration algorithm, which is publicly available, see
Isochrons in the Software section at the end.
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1.2.2 Phase from signal observations

In this section I present an approach for numerically extracting the phase from signal
observations without the knowledge of dynamical equations (for determining phase
with equations see Section 1.2.1). Some parts apply or can be generalized to higher
dimensional systems, but for the most part I will consider a two dimensional limit
cycle oscillator.

Protophase

The protophase θ was conceptualized as a variable that bijectively maps onto the
true phase [12, 13]:

θ = f(ϕ)

ϕ = f−1(θ)
(1.6)

but as we will see later, this relation may in general be very difficult to fulfill because
of non-trivial isochronal structure. Hence, it might be only approximately true.
Therefore, I will define the protophase as any variable that is monotonically growing
for the unperturbed system, but the growth need not be uniform:

θ̇ > 0

If the limit cycle is known and it encloses the origin, then a paradigmatic example
for the protophase is the polar angle:

θ(x, y) = π + 2 arctan
( y

x+
√
x2 + y2

)
(1.7)

If only one signal is measured, it can be embedded by generating another variable
(or more), see later Section 1.3. This may come at the cost of the estimated phase
accuracy. If a non-local embedding is used, the information of the phase is blurred,
and even if the embedding is local, the limit cycle might fold in the embedded space
which can make it difficult to find a protophase candidate. In such cases one typically
uses case specific ad hoc methods, cf. [14].

Phase approximation

Once one has obtained an appropriate protophase, one can use it to estimate the
phase. As a zero-order approximation let us assume radial isochrons, in which case
the phase is obtained with the following transformation [15]:

ϕ(θ) = ω

θ∫
0

1

θ̇0(θ)
dθ (1.8)

where θ̇0(θ) is the velocity of the protophase on the limit cycle. Ideally, θ̇0 is evaluated
from a measurement of the unperturbed limit cycle, but if that is inaccessible it can
be estimated from the trajectory average. If one measures only the protophase, then
the zero approximation of the phase is the best approximation available. In the case
of a perturbed system the zero approximation is not adequate for phase derivative
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estimations due to the error of neglecting the isochrons, see Section 6.1.1 for a more
detailed argument.

1.2.3 Phase dynamics

Since there is a way of parameterizing limit cycle systems with only one variable, it is
useful to derive a dynamical equation for that variable and determine the domain on
which it is valid. This can be accomplished by expanding the dynamics as a series.
On the limit cycle, as a direct consequence of the phase definition, the autonomous
oscillatory state evolution can be described with the equation:

ϕ̇ = ω (1.9)

where ω is the natural angular velocity of the oscillator. For small amplitudes the
linear approximation of the effect of scalar perturbations p(t) acting on the oscillator
can be described with the Winfree phase equation [16]:

ϕ̇ = ω + Z(ϕ)p(t) +O(ε2) (1.10)

where ε is the strength of the perturbation p(t) and Z(ϕ) is the so-called phase re-
sponse curve, which quantifies the phase susceptibility to be changed by stimulation.
To increase the accuracy of the phase description beyond the second order, amplitude
dynamics would have to be considered as well [17]. Since amplitude is asymptotically
stable, with a negative Lyapunov exponent, the linear amplitude equation may be
written as follows:

Ȧ = µA+ Y (ϕ)p(t) +O(ε2) (1.11)

where the parameter µ < 0 denotes the Lyapunov exponent and Y (ϕ) the amplitude
response curve. All further terms in the phase expansion (1.10) would depend on
both phase and amplitude. I will not consider higher-order expansions in this thesis.

What phase dynamics cannot describe?

Phase dynamics is excellent for describing self-sustained oscillators in the vicinity
of their limit cycles. However, it is clearly a simplification and as such does not
capture all the features of the original system. If only the phase is considered, then
all amplitude effects and higher-dimensional effects will not be present. These include
the dependence of the phase response on amplitude which, for example, may yield
shear-induced folding [18, 19]. Further, no matter the input, a self-sustained phase
oscillator cannot describe an excitable system while vice-versa is possible: suppose a
quadratic integrate and fire oscillator is fed a constant positive input I, ϕ̇ = ϕ(ϕ−c)+
I. Then for I > c2/4 the system will oscillate by itself with a constant frequency and
can be parameterized as a self-sustained phase oscillator. A practical example of this
descriptive limitation is a neuron that receives a steady background input from its
environment such that is fires almost periodically and can therefore be well described
as a self-sustained limit cycle oscillator, however, if that same neuron received less
input it would likely follow excitable dynamics [20, 21].
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1.3 Signal embedding

Any system capable of reproducing oscillation is at least two dimensional, i.e. it
takes at least two first-order ODEs to describe its dynamics. If only one variable is
observed, in order to embed the trajectory into a higher-dimensional space, one has
to generate more variables. There are several ways to do that [22, 23]. Here I briefly
describe some schemes to embed a one dimensional signal into a two dimensional
space. A natural classification starts with dividing the embedding schemes into local
and non-local ones. Local schemes determine the value of the embedded variable
only from the time localized signal, while non-local ones have no such restriction. In
the following, I denote the observed signal with x and the embedded one with x̂.

1.3.1 Local

Local embedding techniques determine the embedded variable at any time t from
solely the time localized information of the signal x(t). An example of such an
embedding is the derivative embedding:

x̂(t) =
dx(t)

dt

The locality is a strong restriction. In fact, the complete family of local embeddings
can be expressed as a power series of derivatives:

x̂(t) =
∑
i

∑
j

aij

(dix(t)

dti

)j
In practice, higher derivatives are rarely used since each derivation amplifies any ran-
dom fluctuations. Local embeddings represent, in general, a non-bijective (surjective)
transformation from the true state variables to the embedded ones: (x, y) → (x, x̂).
This means that structures (trajectories, isochrons, etc.) can fold and cross in the
embedded space even if they do not cross in the true state space. Nevertheless, un-
like in non-local embeddings, locality ensures that structures like isochrons do not
scatter, see Figure 1.5. In practice, minor scattering can still take place due to strong
forcing in combination with numerical discretization.

1.3.2 Non-local

Non-local embeddings have no restriction on locality and can therefore be in general
expressed as a functional of the variable x at different times:

x̂(t) = f [x
(
t ∈ (−∞,∞)

)
]

Non-local embeddings do not preserve isochrons. A point in space of a non-local
embedding cannot be associated to any one asymptotic phase. An example of a
non-local embedding is the Hilbert embedding:

x̂(t) = H[x](t)
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where H denotes the Hilbert transform [24], which can be elegantly expressed with
the more commonly know Fourier transform F :

H[s](t) = F−1
[
−i sgn(ω)F [s](ω)

]
(t) (1.12)

the bold ”i” here represents the imaginary unit: i =
√
−1. From Eq. (1.12) above

one can realize that Hilbert transform decomposes the signal into its frequency com-
ponents and then phase shifts each component by π/2. As a fun fact I mention that
because a phase shift cannot be heard by human ears the Hilbert transform of an
audio signal sounds the same as the original signal, even though it can look very
different. Another example of a non-local embedding is the delay embedding [25]:

x̂(t) = x(t− τ)

It is commonly used, since it requires no additional computation. Figure 1.5 shows the
mentioned embeddings side by side. A perturbed self-sustained oscillator is simulated
to obtain the signal:

ẋ = y − sin(y)x/2

ẏ = −x+ cos(x)y/2 + p(t)
(1.13)

where the forcing p(t) is correlated Gaussian noise, generated by an Ornstein-Uhlenbeck
process [26]. Then, the x signal is embedded. The three different embeddings, along
with the ”true” state space are depicted side by side. Overlaid on the signal are
the points corresponding to equal intervals of the asymptotic phase (red points), see
Section 1.2.1 on how to determine phase. We can see that the contours of the phase
remain relatively narrow when the local embedding is used, although they might still
cross due to a non-bijective transformation (x, y) → (x, x̂). For the two non-local
embeddings the phase contours are blurred due to the non-locality.

Figure 1.5: Different signal embedding methods. In blue, a perturbed trajectory of system (1.13) is
depicted in its true state space (A) as well as three other embedding spaces (B,C,D). Below the state space
representations are short depictions of the true x signal in blue and the embedded signal in orange. Red
points overlaying the trajectories mark particular values of the asymptotic phase, effectively reflecting the
isochronal structure. B: the derivative embedding is a local embedding and therefore does not scatter the
isochronal structure, albeit the isochrons can cross due to non-bijectivity of the embedding transformation.
C,D: The Hilbert embedding [24] and delay embedding [25] are both non-local which causes the isochronal

structure to scatter.
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1.4 Networks of oscillators

Oscillators can be coupled with other oscillators, yielding oscillatory networks which
tend to be high-dimensional and are often more complex than the individual oscil-
latory nodes. In certain parameter regimes their dynamics can be simplified with
phase reduction techniques [27], which often allow further simplification in certain
limits, such as the Ott-Antonsen ansatz [28].

Networks of oscillators exhibit many interesting phenomena, the most notable
being synchronization [15]. Synchronization is a phenomenon where the individual
units come to have the same state due to interaction. It is observed in many natural
systems, e.g. groups of fireflies synchronize their flashing cycle [29], pedestrians on a
bridge synchronize their walking stride [30, 31], etc. Synchronization can be observed
in networks of simple phase oscillators [32] as well as more complex ones, such as
chaotic oscillators [15].

1.4.1 A seminal synchronization example

The Kuramoto model [32]:

ϕ̇i = ωi +
ε

n

n∑
j

sin(ϕj − ϕi) (1.14)

assumes oscillators can be well represented with their phases ϕi. Each of the n
oscillators can have a different natural frequency ωi and ε represents the overall
strength of coupling. The oscillators are coupled symmetrically all-to-all. This simple
model exhibits synchronization. To quantify this one can define an order parameter
R as:

Reiψ =
1

n

∑
i

eiϕi (1.15)

ψ here represents the mean phase, and R quantifies the degree of synchronization. A
system that is fully synchronized has R equal to 1 and a fully asynchronous system
has R equal to 0. In the thermodynamic limit n → ∞, R undergoes a second-order
phase transition, when the strength of coupling ε passes a positive critical value εc.
Above εc, the system is synchronized. When the number of oscillators n is finite
there are finite-size effects present and the transition is not ”pure”.

1.5 Inference

Inference is the process of deducing certain properties from data. Statistical inference
requires some assumptions to be fulfilled. The set of assumptions can be called the
”statistical model”. More specific models with a greater number of assumptions
require less data to infer. For example, when estimating the dependence of a variable
y with respect to another variable x, if one assumes y is constant, then one only
needs to make one measurement. On the other hand, if no assumption is made, then
one has to observe many points to estimate the dependence.
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1.5.1 Inferring dynamics

When observing a dynamical variable, one may want to infer laws that govern its
dynamics [33]. Here a simple example is given. Let the measured variable be x.
First one assumes a model, for example, that the dynamics obeys a one-dimensional
first-order stochastic ODE:

ẋ = f(x) + ξ(t)

where ξ(t) represents some noise term. Then, in order to infer dynamics, we have
to determine f . One way to do that is to numerically evaluate the left-hand side
derivative (assuming x is differentiable) and record the points (∆x

∆t , x) which represent
the function f . Due to the noise term ξ(t) the points will be scattered around some
region, but if enough points are measured a function can be fitted onto the points to
obtain an approximation of f .

1.5.2 Inferring network connectivity

When inferring connectivity one first has to clarify what is meant by connectivity.
That is to say, which criterion does one use to determine whether two nodes are
connected or not. Let us first introduce some concepts:

• Correlation is a mutual relationship between two variables. If variable #1
is correlated with variable #2, then variable #2 is necessarily correlated with
variable #1.

• Causality is a concept describing the relationship between cause and effect. It
is a stricter concept than correlation as it is typically not symmetric. If variable
#1 is causally influencing variable #2, there need not be a causal influence from
#2 to #1. Causal relationships almost always yield correlation, i.e. if variable
#1 is causally influencing variable #2, they are likely correlated. The other
way around is not true, if two variables are correlated it does not necessarily
mean they causally interact - correlation does not imply causation.

• Full model of the interaction between two nodes is the quantification of all the
processes that govern that interaction. It is a stricter concept than causality
since it specifies the particularities of the causal interaction. For example, if a
variable is influencing one variable via an integrator and another variable via
a differentiator, it is causally influencing both, but the effect it has on them is
very much different.

Correlations are straightforward to evaluate, but they are mere consequences of
the underlying causal interactions. The correlations cannot be interpreted directly
as indicators of causality. A paradigmatic example scheme illustrating this point
is a triplet of oscillators where oscillator #1 is strongly driving oscillators #2 and
#3, see Scheme 1.1A. Oscillators #2 and #3 are not coupled. There is a causal
relationship between #1 - #2 and #1 - #3 and this is also reflected in their signals
being correlated. However, signals #2 and #3 will also be correlated due to their
common forcing, despite not being coupled and therefore not having any causal
relationship.

In a similar way we can compare causality with the full model. It is certainly easier
to infer causality, however, if one would like to simulate the system on a computer
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there are many more details needed to determine the full model. An example scheme
that illustrates this point is again of a triplet of oscillators where #1 is driving #2
and #2 is driving #3, see Scheme 1.1B. Oscillators #1 and #3 are not coupled
directly. We can conclude that there is a causal relationship between oscillators
#1 and #3, but it is only a consequence of the true connectivity (#1 and #3 are
indirectly coupled via #2). To correctly infer the full model in this case would mean
to identify that the connection between #1 and #3 is not present.

All of the three concepts are sometimes used to represent connectivity. Corre-
lation is the easiest to determine and is also the most general, not requiring any
assumptions. Causality is more difficult to determine. Causality inference schemes
typically consider all the possible causal schemes and eliminate the ones that are
not feasible with assumptions and information from observations [34, 35, 36, 37].
Arguably the hardest to infer is the full model of interactions. It requires strong
assumption of the dynamics, and the inferred connectivity only has meaning within
the scope of those dynamics. The method I present in the third chapter of this thesis
is a full model inference.

A

#1

#2 #3

correlation X
causality × B

#1

#2

#3

correlation X
causality X
direct link ×

Scheme 1.1: Two example schemes illustrating concepts of correlation, causality and the full model. A:
unit #1 is directly influencing units #2 and #3. There is no interaction between units #2 and #3 but
they are correlated due to common forcing. B: unit #1 is influencing unit #2 and unit #2 is influencing
unit #3. In this case unit #1 is causally influencing unit #3 via an indirect connection through unit #2,

however there is no direct link between them.

1.6 Artificial Neural Networks

Artificial neural networks are inspired by the naturally evolved biological neural
networks - brains. They take certain principles from their operation, but they do
not try to simulate the brain dynamics per se. The ideas already started in the
middle of the 20th century with studies such as [38, 39], and caught on in the 1980s
after the introduction of the backpropagation algorithm [40] which made practical
implementations much more efficient. In the recent decade artificial neural networks
again gained momentum due to the increase in computing power (Moore’s Law [41]
states that the computing power should roughly double every two years), and new
concepts became practically feasible, such as deep learning [42, 43] which had a
winning streak of achievements, some notable examples include the superiority of
machine over man in the game of Go [44], a staggeringly swift improvement in image
recognition [45], speech detection and speech generation [46] and many more. It is
not the topic of this thesis to discuss the variety of neural networks in detail, but
just to introduce them as a very easily adjustable universal model.
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1.6.1 Feed-forward neural networks

Feed-forward networks are among the simplest artificial neural networks and were
one of the first to be introduced [47]. They have connections that never form a cycle,
therefore only allowing for information to flow in one direction, forward. Figure 1.6A
depicts a feed-forward neural network.

Figure 1.6: A: An example of a feed-forward neural network with 5 inputs (orange), two hidden layers
of 8 neurons each (yellow) and 3 outputs (green). B: An example of a recurrent neural network, with
two inputs (orange), two hidden layers of 3 neurons each (yellow) and one output (green). The recurrent
connections are depicted with yellow. C: A possible interpretations of such a network that unrolls into

several copies of itself. Such unrolling is typically considered due to computational practicality.

Typically, the neural dynamics are simplified such that inputs and outputs are
scalar and all the inputs sum up and pass through an activation function. For
example, the output of neuron n13 in Figure 1.6A is determined as:

n13 = φ
(∑

i

n0i× w0i13
)

where φ is its activation function and w0i13 the incoming weights from neurons n0i.
The activation function introduces non-linearity, adding complexity to the system.
Typical activation functions are sigmoids, ”S” shaped functions starting at some
value at −∞ and continuously limiting at another value at ∞.
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1.6.2 Recurrent neural networks

Recurrent neural networks are slightly more complicated because they incorporate
connections that link states at a previous time with the current state. This makes
them much more complex because they inherently posses memory. They have a for-
ward oriented semantics which makes them a natural choice for time series prediction
and they have had a lot of success in, e.g. audio and text prediction, translation and
generation [48, 49]. A recurrent neural network is depicted in Figure 1.6B,C.

1.7 Thesis structure

This thesis consists of six chapters. The current first one as a general introduction,
Chapters 2-4 correspond to three stand-alone scientific publications, Chapter 5 is a
preliminary preprint, and lastly Chapter 6 as a general discussion.

In Chapter 2, I present a method of inferring dynamical properties from obser-
vations of a perturbed oscillator [50]. The oscillator is assumed to be self-sustained
and weakly perturbed such that it follows the phase equation (6.4). Then, this phase
equation is fitted to the data using an iterative procedure. For the data, a continuous
observation of the perturbation signal is considered as well as time instants corre-
sponding to the same value of the asymptotic phase of the oscillator. The method
yields the natural frequency, the infinitesimal phase response curve as well as the
asymptotic phase of the oscillator.

In Chapter 3, a similar phase inference as presented in Chapter 2 is extended
to infer the connectivity of a network of oscillators [51]. The oscillators are again
assumed to be self-sustained and weakly perturbed, following phase dynamics (6.4).
Further, the coupling is assumed to be time localized to instances of spiking. From
the spike trains of all units in the network I can infer the directed and weighted
connectivity as well as the properties of individual oscillators: their natural periods
and phase response curves.

In Chapter 4, I put the now trending neural networks to the test on inferring
dynamics of different oscillatory systems [52]. I consider a scheme for training the
networks on time series of a perturbed oscillatory system, and then estimate the
desired dynamical properties from the trained network via an active experiment.
Different properties can be inferred, including the phase response curve and the max-
imal Lyapunov exponent. I do this for several example oscillatory systems, including
self-sustained, excitable and chaotic oscillators.

In Chapter 5, I apply the procedures of Chapter 4 to recordings of perturbed
human gait. The spatial positions of several markers on the body are measured in
time, from which I construct the state space of the dynamical system governing the
gait pattern. Then, I train a neural network to reproduce its behaviour and extract
the phase response curve by probing the inferred model.

Finally, I discuss the domain of applicability of the here-used methods and how
they might behave in non-optimal settings, including unknown inputs, dynamics that
do not fulfill chosen assumptions and insufficient amounts of data. Furthermore, I
discuss the maximal theoretical content of data, elaborate on some particular choices
made in designing the methods and outline their possible extensions.





Chapter 2

Inferring the phase response
curve

Phase response curves are important for analysis and modeling of oscillatory dy-
namics in various applications, particularly in neuroscience. Standard experimental
technique for determining them requires isolation of the system and application of
a specifically designed input. However, isolation is not always feasible and we are
compelled to observe the system in its natural environment under free-running con-
ditions. To that end we propose an approach relying only on passive observations
of the system and its input. We illustrate it with simulation results of an oscillator
driven by a stochastic force.

Adapted from: R. Cestnik and M. Rosenblum, Inferring the phase response curve
from observation of a continuously perturbed oscillator, Scientific Reports 8, 13606
(2018) [50].
Associated software: Phase reponse curve inference @ Software section at the end.
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2.1 Introduction

Phase response curve (PRC), also known as phase resetting or phase sensitivity curve,
is a basic characteristic of a limit cycle oscillator [16, 53, 54, 55]. This curve describes
variation of the phase ϕ of the system in response to a weak external perturbation
p(t):

ϕ̇ = ω + Z(ϕ)p(t) . (2.1)

Here ω is the natural frequency and Z(ϕ) is the oscillator’s PRC. Thus, knowledge
of Z(ϕ) and ω completely determines the phase dynamics for any given weak pertur-
bation. For example, it allows one to determine – at least numerically – the domain
of locking to an external force of a given amplitude. Hence, techniques for efficient
experimental determination of PRC are in high demand.

If it is possible to isolate the oscillator and apply a specially designed perturbation,
then determination of PRC is straightforward. To this goal, the experimentalist has
to ”kick” the system with short and weak pulses at different values of the oscillator’s
phase and look for subsequent variation of one or several oscillation periods, i.e., for
the evoked asymptotic phase shift [55, 53, 56, 57, 58]. If the oscillator is noisy – and
all real-world systems are – then stimulation for each ϕ shall be performed many
times and the results shall be averaged over the trials. Next, the whole procedure
shall be repeated for different amplitudes of the stimulation in order to check whether
the obtained PRC linearly scales with the amplitude: this would indicate that the
chosen stimulation is sufficiently weak (we remind that in theory the PRC is defined
for infinitesimally weak perturbations [54, 16]).

If one has no control over the applied input and instead has to rely on passive ob-
servations, the problem of invoking the PRC is in general not solved and the method
will depend on the input. Possibly the best-case scenario is when the input is weak,
spiky and with a frequency several times lower than that of the oscillator. Then,
as long as the oscillator does not synchronize with the input, the spikes arrive at
different phases and never more than one per period. This results in a focused per-
turbation which provides an estimate of phase shifts for different oscillator phases,
like in the standard technique [55, 53, 56, 57, 58]. If, however, the frequency of the
input spike train is higher than that of the oscillator then each period on average gets
perturbed more than once, which considerably adds to the complexity of the prob-
lem [51]. In general the input may be arbitrary, in particular, it can be a continuous
noise-like signal. If both such input and output of the system are measured, then
one can infer the PRC using the idea of Spike-Triggered Average (STA) [59]. As has
been demonstrated theoretically and numerically for the Hodgkin-Huxley neuronal
model, for weak delta-correlated input the STA is proportional to the derivative of
the PRC [59]. Recent more practical algorithms exploit weighted STA (WSTA):
they imply rescaling of the input within each inter-spike interval to the same length
and subsequent averaging with the weights, determined by the length of these inter-
vals [60, 58]. Another approach is to use STA with a specific optimal colored noise
input [61].

In this chapter we introduce a method for inferring the PRC by fitting the phase
model (2.1) to the observed time series. This nonlinear problem is solved by an it-
erative procedure that provides frequency ω and PRC Z(ϕ) as well as instantaneous
phase ϕ(t). An important novel feature of our algorithm is a built-in error estimation
that allows us to monitor the goodness of the reconstruction. We demonstrate the
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efficiency of the proposed method on several oscillator models driven by correlated
noise and compare it with the techniques from Refs. [60, 58]. We show that our tech-
nique outperforms them in case of very short time series, not very short correlation
and not very weak amplitude of the input.

2.2 Results

2.2.1 Technique

Suppose we perturb the oscillator under study with stimulation p(t) and record its
output x(t). For example, x(t) corresponds to the membrane potential of a cell.
Since we assume that the oscillator has a stable limit cycle, without perturbation the
process x(t) would be periodic. In practice, because noise is inevitable, the oscillation
would be almost periodic. The technique of extracting the PRC crucially depends
on the properties of the signal x(t) as well as those of the perturbation p(t). We first
discuss the relatively simple case where x(t) is a smooth signal, suitable for phase
estimation with the conventional technique of embedding the signal via the Hilbert
transform [24, 62, 15] and performing the protophase-to-phase transformation [13].

Once an estimate of the phase ϕ(t) is obtained, the instantaneous frequency ϕ̇(t)
can be numerically estimated, and then, representing the PRC as a finite Fourier
series,

Z(ϕ) = a0 +

N∑
n=1

[an cos(nϕ) + bn sin(nϕ)] , (2.2)

we obtain from Eq. (2.1) a system of linear equations with respect to the unknown
frequency ω and the Fourier coefficients an, bn. Provided we have a good resolution
and long enough time series, this system is overdetermined and can be solved by
means of optimization, e.g., least squares minimization. Notice that this can be
done for an arbitrary form of perturbation p(t). Thus, a common approach to the
problem revolves around estimating the phase ϕ and its derivative ϕ̇ (the latter
requires numerical differentiation and is therefore sensitive to noise). For cases when
the signal has a complex form and there is no unique center of rotation in the Hilbert
representation, alternative ways of estimating ϕ and ϕ̇ shall be used. For example,
for neural oscillations the phase is often obtained via simple linear interpolation
between spikes [63, 60, 58]. In a different setup, like in studies of the interaction
between the respiratory and cardiac oscillators several markers within each cycle of
the electrocardiogram are used to determine the phase [14]. Such ad hoc techniques
proved being useful, albeit they tend to be setup-specific, lack generality, and provide
only zero-order approximation of the phase.

Here we introduce a technique that does not require computation of continuous
phase ϕ and instantaneous frequency ϕ̇ from the data. For our approach, in addition
to continuous observation of the input forcing p(t), it is sufficient to define one well-
defined event within each cycle of x(t) such that the times tm of these events can
be considered as the instants of return to a Poincaré surface of section. In the
simplest case this event can correspond to a condition x(t) = const, while generally
the problem of choosing a proper Poincaré section is not so trivial and is discussed in
more detail below. Correspondingly, these events can be assigned the same value of
the phase which without loss of generality can be set to zero, ϕ(tm) = 0. For these
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events one can choose spikes, threshold crossings, or even bursts (an example can be
found in Supplementary material S2.1, Fig. S2.4). So, in analysis of spiking neurons
it is natural to use spikes since they can be reliably detected while the signal between
them can be dominated by noise. The phase increase within each inter-event interval,
Tm = tm+1 − tm, is defined to be 2π.

In what is the first key step of our approach, we integrate Eq. (2.1) over each
interval Tm, replacing Z(ϕ) by its Fourier representation via Eq. (2.2),

2π = ωTm+a0

tm+Tm∫
tm

p(t)dt+

N∑
n=1

an tm+Tm∫
tm

p(t) cos[nϕ(t)]dt+ bn

tm+Tm∫
tm

p(t) sin[nϕ(t)]dt

 .

(2.3)
Certainly, the computation of the right hand side requires knowledge of the phase.
Here we point out that in the limit of vanishing perturbations, the phase between
events grows nearly linearly. Hence, for a sufficiently weak p(t) the problem can be
quite precisely solved by linearly interpolating the phase ϕ(t) = 2π(t − tm)/Tm, in-
serting it in Eq. (2.3), numerically computing all the integrals, and solving the linear
system by means of optimization, cf. [63]. However, for stronger driving amplitudes
the increased inaccuracy of the linear approximation unavoidably translates to inac-
curacy of the solution. We address this with the second key step in our technique,
where the phase is estimated through an iterative procedure, by solving systems (2.1)
and (2.3) in turns. For the zeroth approximation of the phase we linearly interpolate
it between events, ϕ(0)(t) = 2π(t− tm)/Tm. Then, inserting it in Eq. (2.3) and solv-
ing the system we obtain the first approximation of the solution ω(1), Z(1). The next
approximation of the phase is obtained by numerically integrating Eq. (2.1), i.e., by
solving ϕ̇(1) = ω(1) + Z(1)[ϕ(0)(t)]p(t) separately for each inter-event interval, taking
ϕ(1)(tm) = 0 for initial conditions. Since the phase ϕ(0), natural frequency ω(1),
and PRC Z(1) are known only approximately, the computed phase at the end of the

interval, ϕ(1)(tm+Tm) = ψ
(1)
m , generally differs from the correct value 2π. Therefore,

we rescale the phase within each interval: ϕ(1)(t) → 2πϕ(1)(t)/ψ
(1)
m . This rescaled

phase is then used to obtain the second approximation of the solution ω(2), Z(2),
and then the whole procedure can be repeated to obtain further ones. As illustrated

below, the iterations typically converge to the true solution and the quantities ψ
(k)
m

can be used to monitor the convergence.

2.2.2 Numerical tests

First we mention that for clarity of presentation we always set the natural frequency
of the oscillator ω to 2π, thus ensuring the period of an unperturbed oscillator is
T = 1 (with oscillators where natural frequency is not an explicit parameter this is
done by rescaling time). Also, throughout this chapter, unless specified differently, we
use k = 10 iteration steps, N = 10 Fourier harmonics, time of simulation tsim = 500
and time step dt = 0.001.
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Phase model: proof of concept

We first test the technique on models, where both the true phase and the PRC are
known. For this purpose we simulate Eq. (2.1) with PRCs given as

Z(ϕ) = (1− cos(ϕ)) exp (3[cos(ϕ− π/3)− 1]) , (2.4)

or
Z(ϕ) = − sin(ϕ) exp (3[cos(ϕ− 0.9π)− 1]) . (2.5)

These curves model PRC of type I and II respectively, as they are classified in the
context of neuronal modeling [64, 51]. Type I curves are non-negative which means
that every stimulus from an excitatory connection shortens the period duration,
while type II curves are positive at some phases and negative at others meaning that
a stimulus may shorten or lengthen the period depending on when it arrives. We
take the input to the system to be an OrnsteinUhlenbeck process [26]

ṗ = −p
τ

+ ε
√

2/τ ξ(t) , (2.6)

where ξ is Gaussian white noise 〈ξ(t)ξ(t′)〉 = δ(t−t′), while ε and τ are the amplitude

and correlation time of the driving signal, 〈p(t)p(t′)〉 = ε2 e−
|t−t′|
τ . At this point we

mention that for the same value of ε different oscillators are perturbed by different
amounts because they have different PRCs and frequencies. From Eq. (2.1) we see
that the effect of perturbation is proportional to ε‖Z‖/ω where ‖·‖ stands for norm
(we use the L2 functional norm, see Methods section 2.4). Therefore, to compare
the results for different test models and since all frequencies are set to 2π, we specify
driving strength with the quantity ε‖Z‖.

Spike data is generated using the condition ϕ(tm) = m · 2π. Then, we perform k
iterations of the reconstruction procedure and compare the results against the data.
To quantify the quality of the reconstruction we compute the difference between
the recovered and true PRCs, ∆Z , and average deviation of ψm from 2π, ∆ψ (see
Eqs. (2.10) and (2.12) in Methods section 2.4). ∆Z should be compared to 1, where
∆Z � 1 means the reconstructed PRC matches the true one closely, while ∆Z ≈ 1
signals that the reconstructed PRC does not resemble the true one at all. ∆ψ is to be
compared to a related measure of event irregularity, ∆ψT (see Eq. (2.13) in Methods
section 2.4), where ∆ψ � ∆ψT means that our reconstruction can reproduce the
data well, while ∆ψ ≈ ∆ψT signals that, statistically speaking, the reconstructed
PRC and frequency are not able to reproduce the data any more accurately than a
perfectly periodic oscillator with frequency 〈ω〉 = 〈 2π

Tm
〉.

In Fig. 2.1 we show a reconstruction example for the first test. We use fairly strong
driving ε‖Z‖ = 5 and moderate correlation τ = 0.1 so that the phase alterations are
visible in the plot. Notice that the error measures indicate a good reconstruction,
i.e., ∆Z � 1 and ∆ψ � ∆ψT . Notice also that the initial PRC estimate Z(1) is quite
imprecise while further iterations improve in precision and converge to the true curve.
To see this convergence in more detail we plot the error measures for each iteration
k in Fig. 2.2 (a, b), for PRC type II. We also investigated how the error depends on
the duration of data recordings tsim and found that a few hundred periods suffice for
a reliable reconstruction, see Fig. 2.2 (c, d).
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Figure 2.1: A reconstruction of phase ϕ and PRC Z for PRC type I (a, b) and type II (c, d). In the top
plots (a, c), true phase is plotted in thick gray, reconstructed phase in red, driving signal in blue (scaled
for being visually comparable to the phase) and times of spikes tm in black. In the bottom plots (b, d),

true PRC is plotted in thick gray, first iteration Z(1) in blue, second Z(2) in green and tenth Z(10) in red.
Parameters are ε‖Z‖ = 5 and τ = 0.1.

Figure 2.2: Errors of reconstruction ∆Z and ∆ψ, Eqs. (2.10) and (2.12), versus iteration number k (a,
b) and versus the duration of data recordings tsim (c, d), for PRC type II. For each k and each tsim,
100 points corresponding to different realizations of noise are plotted with blue dots and their average in
colors: ∆Z in green, ∆ψ in red (and ∆ψT

in orange for reference). Parameters are ε‖Z‖ = 5, τ = 0.1,

tsim = 500 (a, b) and k = 10 (c, d).

The Morris-Lecar neuron: effect of amplitude ε and correlation time τ

Our next test model is the Morris-Lecar neuronal oscillator [65, 54]

V̇ = I − gL (V − VL)− gK w (V − VK)− gCa m∞(V ) (V − VCa) + p(t) ,

ẇ = λ(V ) (w∞(V )− w) ,
(2.7)
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where

m∞(V ) = [1 + tanh ((V − V1)/V2)]/2 ,

w∞(V ) = [1 + tanh ((V − V3)/V4)]/2 ,

λ(V ) = cosh [(V − V3)/(2V4)]/3 ,

(2.8)

and the parameters are: I = 0.07, gL = 0.5, gK = 2, gCa = 1.33, V1 = −0.01, V2 =
0.15, V3 = 0.1, V4 = 0.145, VL = −0.5, VK = −0.7 and VCa = 1. A reconstruction
depiction similar to Fig. 2.1 can be found in Supplementary material S2.1, Fig. S2.9.

We investigate how amplitude of driving ε effects the reconstruction. For that
purpose we simulate a forced oscillator with different values of ε and compute the
errors of reconstruction ∆Z , Eq. (2.10), and ∆ψ, Eq. (2.12), see Fig. 2.3. The true
PRC of the Morris-Lecar system is obtained via the standard technique, see Methods
section 2.4 and Ref. [58]. For weak driving the PRC error ∆Z is small and indepen-
dent of amplitude, while ∆ψ and ∆ψT scale approximately linearly with amplitude
and maintain a constant ratio, ∆ψ/∆ψT ≈ const � 1. The reconstruction works
well, as expected. As the driving amplitude increases, at some point ∆Z begins to
grow and ∆ψ starts to approach ∆ψT , a sign of declining reconstruction quality (in
Fig. 2.3 this happens around ε‖Z‖ ≈ 5). In this regime the distribution of errors
(both ∆Z and ∆ψ) widens, meaning that reconstruction quality for the same pa-
rameters may vary considerably from trial to trial. As the driving gets very strong
(around ε‖Z‖ ≈ 100 in Fig. 2.3) the reconstruction does not work, i.e., ∆Z ≈ 1 and
∆ψ ≈ ∆ψT . As a side note, in Fig. 2.3 (b) one can observe what looks like a change
in behavior around ε‖Z‖ ≈ 100, where there is a jump in ∆ψ and ∆ψT . This is due
to the test model we use, Morris-Lecar, and its behavior when strongly stimulated
(at that amplitude the system spends some time in the vicinity of the fixed point)
and is not a consequence of our technique (in Supplementary material S2.1 one can
see analogous plots for other oscillators where this is not observed, Fig. S2.9).

In the same way as for the amplitude, we now investigate how correlation time
τ effects the reconstruction, see Fig. 2.4. The reconstruction works best for short
correlation times: ∆Z as well as the ratio ∆ψ/∆ψT are small and roughly constant,
but in this case ∆ψ and ∆ψT grow sublinearly with ε. Similarly to what we have seen
in the previous figure, as we increase τ there comes a point where ∆Z starts to grow
and ∆ψ starts to approach ∆ψT (this happens around τ ≈ 0.4 in Fig. 2.4). Likewise
the distribution from this point on widens, indicating that reconstruction quality
varies from trial to trial. As we continue to increase τ there comes a point at which
average ∆Z reaches 1 and ∆ψ reaches ∆ψT (this happens around τ ≈ 30 in Fig. 2.4).
Interestingly, we can see that while the error averages in general reflect a bad recon-
struction, there persists a branch of reconstructions that maintains a low error which
is even slightly decreasing with τ . This means that with a small probability we can
still get a good reconstruction from slow varying input (an example can be found
in Supplementary material S2.1, Fig. S2.3), and by monitoring the solution errors
we can distinguish successful reconstructions from the unsuccessful ones. A similar
qualitative description is valid for other oscillators in this context as well (analogous
analysis on other oscillators can be found in Supplementary material S2.1, Fig. S2.9).
Here it is worth mentioning that while our chosen input, Eq. (2.6), yields white noise
with zero intensity in the limit τ → 0, we have tested our procedure for white noise
with finite intensity and it works as well (an example can be found in Supplementary
material S2.1, Fig. S2.1).



34 Chapter 2. Inferring the phase response curve

Figure 2.3: The dependence of errors of reconstruction ∆Z and ∆ψ, Eqs. (2.10) and (2.12), on driving
amplitude ε for the Morris-Lecar neuronal oscillator Eq. (3.10). In (a, b) for each value of ε, 100 points
corresponding to different realizations of noise are plotted with blue dots and their average in colors: ∆Z

in green, ∆ψ in red (and ∆ψT
in orange for reference). Shown in (c – h) are segments of signal on two

time scales for three amplitudes of driving ε‖Z‖. In orange the voltage V (t) (only in (c – e)) and in blue
the input signal p(t), scaled for being visually comparable. The times of zero phase tm are marked with

vertical black lines. The correlation time is τ = 0.1.

Figure 2.4: The dependence of errors of reconstruction ∆Z and ∆ψ , Eqs. (2.10) and (2.12), on correlation
time τ of the driving for the Morris-Lecar oscillator, Eq. (3.10). In (a, b) for each value of τ , 100 points
corresponding to different realizations of noise are plotted with blue dots and their average in colors: ∆Z

in green, ∆ψ in red (and ∆ψT
in orange for reference). Shown in (c – h) are segments of signal on two

time scales for three values of correlation time τ . In orange the voltage V (t) (only in (c – e)) and in blue
the input signal p(t), scaled for being visually comparable. The times of zero phase tm are marked with

vertical black lines. The driving strength is ε‖Z‖ = 3.

Up to this moment we have been postponing a discussion of a crucial problem,
namely how to determine the instants tm corresponding to zero phase, ϕ(tm) = 0.
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For spiky data where only the times of events can be reliably detected (so that the
data is represented by a point process) there is no other option but to use the times
of events. This corresponds to pure phase models, where this problem does not exist
and the values tm are obtained in the course of simulation. This is not the case for
full models, where both phases and amplitudes shall be taken into account. So, for
the analysis of the Morris-Lecar model we used a simple threshold rule and defined
zero phase from the condition x(tm) = xmin + 0.9(xmax − xmin), ẋ(tm) < 0, where
xmin and xmax are the minimal and maximal measured value of the observed signal.
However, this is not exact: in fact, the proper section of the limit cycle shall coincide
with a line (or, generally, surface) of constant phase, called isochrone [66], but in
experimental conditions the model equations and isochrones are not known a priori.
Nevertheless, for neuronal oscillators this is not a complication if the threshold is
chosen close to the maximum of the pulse, i.e., in the domain of fast motion along
the limit cycle. Here the density of isochrones is low, i.e., phase gradient in the
direction perpendicular to the isochrones is small (for an illustration of the isochrone
structure see Supplementary material S2.1, Fig. S2.6b). Respectively, the error due
to deviation of the line x = const from the isochrone is small as well. For general
oscillators this is not true, and the problem requires a special treatment, illustrated
by the following example.

The van der Pol oscillator: importance of choosing a proper Poincaré
section

Our third test system is the van der Pol oscillator [67]

ẍ− 2(1− x2)ẋ+ x = p(t) . (2.9)

With this model we address the importance of choosing an appropriate Poincaré
section for determination of the beginnings of each cycle, i.e., instants tm correspond-
ing to zero phase ϕ(tm) = 0. Here we make use of the ability of our technique to
monitor the error of reconstruction.

As a first step we probe different threshold values for the signal x(t) and choose
the one which yields the smallest error ∆ψ. For this purpose we parametrize the
threshold values with a parameter 0 < θ < 1, see Methods section 2.4 for details,
and perform a search over θ. For each value of the threshold θ, 100 simulations with
different noise realizations were performed. We have calculated both the error of the
PRC and the ∆ψ error. We underline, that ∆ψ can be calculated from data alone,
without any a priori knowledge of the system. The results are shown in Fig. 2.5.
A clear minimum in both errors around the value θ = 0.7 indicates the optimal
threshold that corresponds to the surface of section tangential to the local isochrone,
see Fig. 2.6b.

Generally, the goodness of the surface of section (a line in this example) is de-
termined by two factors: the line should be tangential to an isochrone and it should
be chosen in the domain of fast motion. This cannot always be ensured by simple
thresholding, x(tm) = const. Therefore, we consider inclined lines of section, corre-
sponding to local linear approximation of isochrones. This can be done even if we
have access to only one variable, in our case x(t). As is well-known, a phase portrait,
topologically equivalent to the true one, can be obtained from a single time series
via computation of the derivative or time-delayed embedding [68, 69]. We use here
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the former option, computing ẋ(t) using the five point finite difference scheme [70].
In the two-dimensional embedding with coordinates (x, ẋ) we then search for an op-
timal linear section, determined by its position θ and inclination α, see Methods
section 2.4 for details. We use a single simulated time series with the total length
of 500 periods, mimicking a real world scenario with limited collected data available,
and compute the error ∆ψ, for each pair of values θ, α. In this way a possibly better
surface of section is found, see Fig. 2.6. This approach can be further improved by
a high-dimensional search, e.g., by locally approximating isochrones with a higher
order polinomial.

Figure 2.5: The dependence of errors of reconstruction ∆Z and ∆ψ, Eqs. (2.10) and (2.12), on the chosen
Poincaré section, determined by the threshold parameter θ (see Methods section 2.4), for the van der Pol
oscillator, Eq. (2.9). In (a, b) for each value of θ, 100 points corresponding to different realizations of
noise are plotted with blue dots and their average in colors: ∆Z in green, ∆ψ in red (and ∆ψT

in orange

for reference). Shown in (c – e) are segments of signal for three values of θ. Variable x(t) in orange and
the input p(t) in blue, scaled for being visually comparable. The times of zero phase tm are marked with
vertical black lines and in red is the reconstructed phase. In (f – h) the corresponding PRC reconstructions
are plotted with red. The true PRC is depicted with a thick gray curve. Parameters are ε‖Z‖ = 1 and

τ = 0.1.

Comparison with the WSTA technique

In the last test we compare the performance of our approach with that of the WSTA
method [60, 58], see Fig. 2.7. As expected, our technique performs better if the
correlation time and/or amplitude of the input is relatively large. This is due to the
fact that, in contradistinction to WSTA, we do not use the assumptions of delta-
correlated input and of linearly growing phase. Moreover, the test demonstrates that
our technique works better for shorter time series.

2.3 Discussion

To summarize, in this chapter we introduce a new method for obtaining the PRC
and natural frequency of an oscillator relying only on observation of the oscillator’s
signal and its continuous perturbation. We demonstrate its efficiency by recovering
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Figure 2.6: The error of reconstruction ∆ψ, Eq. (2.12), with respect to the inclination of the Poincaré
surface of section α, and its relative position θ, see Methods section 2.4 for the definition. In (a) the
white regions correspond to error values out of range ∆ψ > 0.06. The particular values marked with
colored circles correspond to example surfaces of section plotted in (b) with lines of the same color. The
red (∆ψ = 0.0045), green (∆ψ = 0.0051), yellow (∆ψ = 0.0049) and orange (∆ψ = 0.0051) sections yield
good period determination: the error is low and in (b) we see that they have a similar inclination to the
local isochrones, plotted with thin gray curves. The blue one (∆ψ = 0.054) is an example of an inaccurate
surface of section that does not correspond to local isochrones (see (b)) and therefore yields a high error.
Notice that the yellow line corresponds to the optimal section in Fig. 2.5. The search was performed
using a single simulation run of length tsim = 500 (corresponding to roughly 500 periods). Parameters are

ε‖Z‖ = 1 and τ = 0.1.

the PRC of several model systems driven by correlated noise, from only a few hundred
observed periods. Furthermore, we provide error measures indicating the quality of
the inference that can be calculated from data, without any additional knowledge of
the system.

We then explore the effects of the amplitude and correlation time of the driving
signal. Generally, the reconstruction works best for perturbation with low amplitude
and short correlation time, although the requirements here are not so crucial as in
the case of the WSTA technique [60, 58]. The degradation of the model inference at
higher amplitudes can be due to two reasons: the phase description of an oscillator in
terms of Eq. (2.1) loses its validity or/and linear approximation of the phase dynamics
becomes too poor for the iterative scheme to converge. The latter problem may be
solved by using a different initial estimate of the phase, e.g., obtained via the Hilbert
transform. On the other hand, the degradation of the reconstruction procedure at
large correlation times occurs due to a limitation of our technique. Indeed, if the
driving is very slow and can be approximately considered as constant within one
oscillation period, then the integrals in Eq. (2.3) vanish and the whole procedure
fails. However, for some realizations of noise, relatively strong and slow driving
yields a good reconstruction as well (see examples in Supplementary material S2.1,
Fig. S2.2 and Fig. S2.3) and the introduced error measures allow us to examine
whether the reconstruction is good or not. Finally, we mention that in the white
noise limit an additional term, proportional to the square of noise intensity, appears
in Eq. (2.1) [71]. This fact can be another source of error for large perturbation
amplitudes.
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Figure 2.7: Comparison of our method (a, c, e) and the WSTA method [60, 58] (b, d, f). The data was
simulated using the phase model (2.1). Different colors correspond to the length of time series used for
the reconstruction: tsim = 102 in red, 103 in green, 104 in blue and 105 in black (for our method (a, c, e)
only the tsim = 102 is plotted). The true PRC is depicted with a thick gray curve. In (a, b) the coupling
is relatively weak, ε‖Z‖ = 5, and the correlation time of the input is relatively small, τ = 0.01. These are
good conditions for both methods, and indeed both perform well. In (c, d) the coupling remains as before
but the correlation time is larger, τ = 0.1. In (e, f) the coupling strength is increased, ε‖Z‖ = 20, while

the correlation time is small again, τ = 0.01.

Finally, we analyze the importance of proper determination of the points that
can be considered as beginning of the periods, i.e., the points that are assigned zero
phase. This tends to be straightforward for most neuronal models where spikes are
the natural choice both due to their detection being robust to noise and the fact
that during a spike the phase gradient is typically small dismissing the importance
of the shape of the chosen surface of section. In general though, the choice of an
appropriate surface of section is crucial. To this end we propose to search for an
optimal Poincaré section which minimizes the reconstruction error ∆ψ. For this
search we parameterize these sections by two quantities, namely their position and
inclination, use a two-dimensional embedding of the measured time series, and vary
these quantities to find the combination that yields minimal ∆ψ. In this way we find
local approximations of the isochrones by straight lines (cf Fig. S2.8 in Supplementary
material S2.1). This approach can be further extended to a nonlinear fit of isochrones.
For high-dimensional systems the performance of the PRC estimation can be further
improved by using a three-dimensional embedding and approximating the isochrones
by inclined planes, etc. Alternatively, for a long data set one can reveal the isochrone
structure by estimating the surfaces with the mean first return time equal to the
period [9]. Next, our approach can be also combined with the technique suggested
in the framework of WSTA in Ref. [58]. There the authors addressed the problem
of choosing the proper section by rescaling and averaging n > 1 consecutive periods
instead of one. The inaccuracy due to deviation of the used Poincaré section from the
true isochrone is then distributed over n periods. For our approach the inter-event
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intervals Tm = tm+1− tm shall be simply replaced by T
(n)
m = tm+n− tm, and the left

hand side of Eq. (2.3) shall be changed to n · 2π. However, other numerical errors
accumulate, and therefore we do not expect this approach to be superior than the
search for an optimal section.

2.4 Methods

2.4.1 Reconstruction errors

For quantification of how well our reconstructed PRC resembles the true one we use
the following expression

∆Z =
(
‖Z(t) − Z(r)‖

)
/‖Z(t)‖ , (2.10)

where Z(t) refers to the true PRC, Z(r) to the reconstructed one and ‖·‖ is the

L2 function norm: ‖f‖ =
[ 2π∫

0

f2(ϕ)dϕ
]1/2

. When the reconstructed PRC nearly

coincides with the true one the error is small, i.e., ∆Z � 1. When the two PRCs
are not similar, but are of the same order of magnitude, ∆Z is of the order of 1, but
in general ∆Z can have arbitrarily large values. For computation of the true PRC
we first determine the period of the autonomous limit cycle oscillation, T0, using the
Henon trick [11]. Next, similarly to [58], we instantaneously perturb the oscillator
at different phases within one period (phases are taken proportionally to the time
from the beginning of the cycle) and look for the shift in the asymptotic phase. If
the period where perturbation arrives is denoted by T1 and the following periods as
T2, T3, . . ., then the phase shift normalized to the perturbation strength ε is

Z(t)(ϕ) = 2π
nT0 −

∑n
i=1 Ti

εT0
. (2.11)

The number of periods n required for a complete relaxation to the limit cycle can be
easily chosen by trial and error by checking that the result does not depend on n.

Next, we quantify how well our reconstruction describes the system which gen-
erated the data. ψm is defined as the reconstructed phase at the end of interval m
which in general differs from the true phase of 2π due to the inaccuracy of the re-
constructed PRC and ω. Therefore the average deviation of ψm from 2π is a natural
measure of goodness for our reconstruction

∆ψ =
〈(
ψm − 2π

)2〉1/2

, (2.12)

where 〈·〉 refers to averaging over m. It can be computed solely from data (unlike ∆Z

which requires the knowledge of the true PRC) meaning that it can be used in real
experiments. However, ∆ψ should not be taken as an absolute measure because it
also depends on the inherent irregularity of inter-event intervals. With that in mind
we define a measure of event irregularity

∆ψT =
〈(
〈ω〉Tm − 2π

)2〉1/2

, (2.13)
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where 〈ω〉 = 〈 2π
Tm
〉 is the mean frequency. This measure serves as a good benchmark

since it can be understood as ∆ψ calculated for a trivial reconstruction, namely,
when average period is used as a prediction of next inter-event interval. Hence, an
indication of good reconstruction is the condition ∆ψ � ∆ψT .

2.4.2 A choice of Poincaré section

In the simplest case the same phase is assigned to the instants when the signal
crosses a chosen threshold from above (the crossings from bellow can be taken as
well so long as we are consistent). Practically, this instants are determined by linear
interpolation between the closest values above and below the threshold. In this work
we parameterize a threshold value sthr by θ ∈ (0, 1), so that sthr = smin + θ(smax −
smin), where smin and smax are the minimum and maximum of the considered signal.
With the embedded signal, x(t), x̂(t), we choose a Poincaré section as a straight line
at an angle α (in our case we use x̂ = ẋ). This is accomplished by rotating the
embedded limit cycle by the angle α, such that the line of section becomes parallel
to the horizontal axis and then taking the vertical axis projection of the limit cycle
as an auxiliary signal: saux = −x(t) sin(α) + x̂(t) cos(α). Then the auxiliary signal
is thresholded as before. A depiction of the process may be found in Supplementary
material S2.1, Fig. S2.7.
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S2.1 Supplementary material

S2.1.1 White noise driving

Here we demonstrate a reconstruction with Gaussian white noise input 〈p(t)p(t′)〉 =
ε2δ(t − t′), see Fig. S2.1. We simulate the system by integrating Eq. (2.1) in the
main text with the Milstein scheme [72] using the PRCs introduced in the main text,
Eqs. (3.1) and (3.2). We record the differences of the Wiener process ∆W as the
driving signal.
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Figure S2.1: A reconstruction for a phase oscillator driven by white noise (analogous to Fig. 2.1 in the
main text, (a, c) in blue differences of the Wiener process ∆W instead of signal p). The driving strength

is ε‖Z‖ = 1.

S2.1.2 The Morris-Lecar neuron: examples of strong: ε‖Z‖ =
20, and slow: τ = 10 driving

On average, cases with strong and slow driving yield bad reconstructions, however,
this can vary from case to case. Here we show examples of good reconstructions for
those circumstances, see Fig. S2.2 for strong and Fig. S2.3 for slow driving. They
were chosen as the best from 20 trials (in terms of error measures, Eqs. (2.10), (2.12)
and (2.13) introduced in the main text).
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Figure S2.2: An example of a reconstruction with strong driving, Morris-Lecar neuron (similar to Fig. 2.1
in the main text). Parameters are ε‖Z‖ = 20 and τ = 0.1.
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Figure S2.3: An example of a reconstruction with slow driving, Morris-Lecar neuron (similar to Fig. 2.1
in the main text). Parameters are ε‖Z‖ = 3 and τ = 10.

S2.1.3 The Hindmarsh-Rose neuron: example on bursting

To further support the argument that the data our method requires is general we
perform a reconstruction on a bursting neuron. We use the Hindmarsh-Rose neuronal
model [73]:

ẋ = I + y − ax3 + bx2 − z + p(t) ,

ẏ = c− dx2 − y ,
ż = r[s(x− xR)− z] ,

(S14)

the parameters are: I = 1.28, a = 1, b = 3, c = 1, d = 5, r = 0.0006, s = 4 and
xR = −1.6. In this regime the neuron is bursting periodically. For the reconstruction
we use parameters ε‖Z‖ = 0.01, τ = 0.01, tsim = 1000, dt = 0.0001 and N = 15. The
beginning of the period is determined by the time of the first spike in a burst (this
is arbitrary, any of the spikes could be considered for this role). See Fig. S2.4 for a
reconstruction depiction. The PRC of this bursting cycle has a very sharp feature
around the phase ϕ ≈ 1 where the bursting stops. This is hard to capture with our
method since we take the Fourier representation of the PRC and steep features require
several harmonics to be expressed. Taking many harmonics can be impractical since
each harmonic yields an unknown constant needed to be optimized, which can make
the data requirements considerably big. With N = 15 Fourier harmonics that feature
is to some degree smeared in phase, but still apparent.

S2.1.4 The van der Pol oscillator: varying the number of
Fourier harmonics N

We explore the effect of using different numbers of Fourier harmonics N . The PRC of
the oscillator for the chosen parameters cannot be captured well by a single harmonic
term but we also know that using more terms means more unknowns to fit and
therefore a necessity for more data to constrain them. By increasing the number of
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Figure S2.4: An example of a reconstruction using bursts as the events with equal phase, Hindmarsh-Rose
neuron (similar to Fig. 2.1 in the main text). Parameters are ε‖Z‖ = 0.01 and τ = 0.01.

Fourier harmonics N while keeping the length of the time series tsim constant we
therefore expect the error to have a minimum, see Fig. S2.5.
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Figure S2.5: The dependence of PRC error ∆Z , Eq. (2.10) in the main text, on the number of Fourier
harmonics N for the van der Pol oscillator Eq. (2.9) in the main text. In (a) for each value of N , 100
points corresponding to different realizations of noise are plotted with blue dots and their average in green.
In (b) PRCs reconstructed using N = 1, 3 and 5 in blue, green and red respectively (true PRC in thick

gray). Parameters are ε‖Z‖ = 1 and τ = 0.1.

S2.1.5 Choice of a proper Poincaré section

In the case of a forced oscillator, the correct Poincaré section for determining instants
of same phase corresponds to an isochrones surface. Here we show the isochrone struc-
ture of the two oscillators used in the main text, van der Pol and Morris-Lecar, see
Fig. S2.6. The isochrones were computed using the backward integration method [7].

Now suppose we only measure one variable x(t) but want to embed our signal in 2
dimensions and then determine the periods using a Poincaré section at an arbitrary
angle α. This is done by rotating the embedded limit cycle and calculating the
threshold value accordingly, a depiction can be seen in Fig. S2.7. Using a similar
search to that performed in the main text in Fig. 2.6, we can estimate the isochrone
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Figure S2.6: The isochrone structure of the two oscillators used in the main text, (a): van der Pol,
Eq. (2.9) and (b): Morris-Lecar, Eq. (3.10). The limit cycle is plotted with a thick red line while the
isochrones with thin blue ones. In (a) there are 50 isochrones corresponding to equal phase intervals,

while in (b) there are 200.
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Figure S2.7: A schematic depiction of period determination with the use of signal embedding and inclined
surfaces of section, as used for Fig. 2.6 in the main text. In (a) the measured signal x(t) and in (b) the
proxi variable x̂(t) (in our case we used the first derivative). In (c) the embedded signal (with green) as
well as the chosen surface of section depicted with a straight red line. In (d) the embedded signal rotated
by α so that the chosen surface of section becomes paralel to the horizontal axis. In (e) the vertical

projection of the rotated embedded signal which is to be thresholded.
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structure in the vicinity of the limit cycle, see Fig. S2.8. First, we embed our signl
x(t) in two dimensions (see Fig. S2.7 above). Then, considering the embedded signal
in polar cooridnates, we average the radius variable over the angle variable with finite
binning to obtain an approximation of the unpertubed limit cycle. On the obtained
limit cycle approximation we choose points uniformly distributed in angle and for
each point try several Poincaré sections at different angles. The angle corresponding
to the lowest error should closely match the local isochrone.
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Figure S2.8: An estimated local isochrone structure using only one time series of length tsim = 500
(coresponding to roughly 500 periods). The true isochrones are depicted with thin purple curves. The
points where the inclination of the isochrones is estimated (in red) are uniformly distributed in angle. The

estimated isochrones are depicted with orange lines. Parameters are ε‖Z‖ = 1 and τ = 0.01.
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Figure S2.9: Overview comparison of test oscillators: PRC type I, PRC type II, Morris-Lecar and van
der Pol. In plots (a, g, m, s) the signal, in (b, h, n, t) the PRC reconstruction, in (c, d, i, j, o, p, u, v)
the effect of driving amplitude ε and in (e, f, k, l, q, r, w, x) the effect of driving correlation time τ . The
parameters are ε‖Z‖ = 5 and τ = 0.1 in (a, b, g, h, m, n, s, t), τ = 0.1 in (c, d, i, j, o, p, u, v) and

ε‖Z‖ = 3 in (e, f, k, l, q, r, w, x).



Chapter 3

Reconstructing networks

We present an approach for reconstructing networks of pulse-coupled neuron-like os-
cillators from passive observation of pulse trains of all nodes. It is assumed that
units are described by their phase response curves and that their phases are instan-
taneously reset by incoming pulses. Using an iterative procedure, we recover the
properties of all nodes, namely their phase response curves and natural frequencies,
as well as strengths of all directed connections.

Adapted from: R. Cestnik and M. Rosenblum, Reconstructing networks of pulse-
coupled oscillators from spike trains, Physical Review E 96, 012209 (2017) [51].
Associated software: Network inference @ Software section at the end.
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3.1 Introduction

Reconstruction of a network structure from observations is an important problem
relevant for many different areas such as neuroscience [74], physiology [75], clima-
tology [76], genetics [77], ecology [78], etc. A group of established reconstruction
techniques relies on analysis of the system’s response to a specially designed pertur-
bation, i.e. on invasive measurements [79]. However, often invasive measurement
is not an option, e.g. in problems related to climatology, physiological studies, and
medical diagnostics. In such cases one is restricted to analysis of observations of the
free-running system.

Roughly speaking, there are two approaches to the problem. The first one does not
imply any assumptions about the dynamics of the nodes and properties of the links
and relies on different statistical and information-theoretical techniques for quantifi-
cation of all connections [80]. In the second, model-based approach, some properties
of the nodes (e.g. existence of a stable limit cycle) and of the links (e.g. weakness of
coupling) are assumed to be known [81, 63, 82, 83]. In the present work we follow and
extend the model-based approach. The main assumption is that the networks can be
modeled by coupled limit cycle oscillators [15, 56]. In this way we follow our previous
studies, where we have reconstructed the connectivity of a weakly coupled network
of noisy limit-cycle or weakly chaotic oscillators for the case when the measurements
allow for the determination of instantaneous phases [82, 84], see also [85, 86].

In this chapter we address the case when the signals are spiky, namely, that the
measurements between the spiking events are dominated by noise and only determi-
nation of the times of spikes is reliable. Hence, the data we analyze are spike trains
and estimation of time-continuous phase is not feasible. Next, we assume that effect
of a chosen unit on the rest of the network is restricted to the time instant when the
unit generates a spike. Thus, we use the model of pulse-coupled neuron-like oscilla-
tors [87, 88]. Assuming that the outputs of all nodes are known, that there are no
unobserved external inputs, and that the coupling between the elements is sufficiently
weak to justify the phase dynamics description, we recover the connectivity of the
network and properties of all its nodes.

The chapter is organized as follows. In Section 3.2 we describe in details the model
and summarize all the assumptions. In Section 3.3 we introduce our technique and in
Section 3.4 we present the results of numerical studies. Section 3.5 presents discussion
of the results.

3.2 The model

Our basic model for the network’s node is a limit cycle oscillator which issues a spike
when its phase ϕ achieves 2π. (We consider the phases wrapped to the [0, 2π) interval,
i.e. after the spike generation the phase of the unit is reset to zero). This spike affects
all other units of the network according to the strength of the corresponding out-
coming connections. Let the size of the network be N and let the connectivity be
described by an N ×N coupling matrix E , whose elements εij quantify the strength
of the coupling from unit j to unit i. Between the spiking events, phases of all units
obey ϕ̇i = ωi, where ωi are frequencies. If unit i receives a spike from oscillator j,
then it reacts to the stimulus according to its so-called phase response curve (PRC),
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Zi(ϕ) [16, 55]. This means that the phase of the stimulated unit is instantaneously
reset, ϕi → ϕi + εijZi(ϕi).

Notice that oscillators are generally non-identical: they have different frequencies
and different PRCs. However, we assume that response of the unit i to the stimuli
from different units is described by the same PRC Zi. Furthermore, we assume that
PRCs are continuous. Next, the coupling is taken to be bidirectional but generally
asymmetric, i.e. εji 6= εij , and there is no self-action, i.e. εii = 0. Finally, we assume
that there is no delay in coupling, i.e. that time of pulse propagation is much smaller
than minimal inter-spike interval and can be neglected.

In neuronal modeling one commonly identifies two types of PRCs: if spikes al-
ways shorten the period of the stimulated unit, then the PRC is classified as type
I. Otherwise, if depending on the phase of the stimulation, the period can be either
shortened or prolonged, then the PRC is classified as type II [64, 55]. We model the
type I PRC as

Z(ϕ) = (1− cos(ϕ)) exp (3[cos(ϕ− ϕ0)− 1]) , (3.1)

and the type II PRC as

Z(ϕ) = − sin(ϕ) exp (3[cos(ϕ− ϕ0)− 1]) , (3.2)

where the parameter values are ϕ0 = π/3 and ϕ0 = 0.9π, respectively. The plots
of these curves are shown in Fig. 3.1. Simulating this model, we generate N point
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Figure 3.1: Model phase response curves of type I (a) and type II (b).

processes (spike trains) and then use them for network reconstruction, where we
estimate the coupling matrix E , PRCs Zi(ϕ), and frequencies ωi of all elements, as
discussed in the next section. There we also present the results of a test with a more
realistic model of coupled Morris-Lecar neuronal oscillators [65].

3.3 The technique

For each node we reconstruct its properties as well as strength of all incoming con-
nections. For definiteness, we always determine these quantities for the first node;
the procedure then shall be repeated for all other units. Thus, we recover ε1j , Z1,
and ω1; for simplicity of presentation, in the following we omit the subscript 1.

We solve the reconstruction problem by iterations. First, since we do not have any
a priori knowledge of the system, we assign some values to the coupling coefficients
(we discuss several options of how this can be done) and use them in order to obtain
a first estimate of the PRC. The knowledge of the latter allows for an improved
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estimation of the network connectivity, which is then in turn used to obtain a better
approximation of the PRC, and so on. We demonstrate that the procedure converges
quite fast.

3.3.1 Notations and phase equations

Let the pulse train of the first oscillator contain M+1 spikes at times t
(1)
k , so that we

have M inter-spike intervals Tk = t
(1)
k+1 − t

(1)
k . In the following we treat each interval

separately. Suppose that within the inter-spike interval Tk the first unit receives n
stimuli from the unit i, we denote this number as nk(i). These stimuli appear at

instants of time t
(i,l)
k , l = 1, . . . , nk(i). The times relative to the beginning of the

interval are denoted as τ
(i,l)
k = t

(i,l)
k − t(1)

k ; see Fig. 3.2 for illustration. Respective

unit 1
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Figure 3.2: Illustration of notations used. Tk is an inter-spike interval of the driven unit. τ
(i,l)
k is the time

(relative to the beginning of the interval Tk) when the spike number l from the unit number i arrives.

phases of the first unit are denoted as ϕ(t
(1)
k + τ

(i,l)
k ) = ϕ

(i,l)
k .

The phase increase within each inter-spike interval is

ωTk +

N∑
i=2

εi

nk(i)∑
l=1

Z(ϕ
(i,l)
k ) = 2π , (3.3)

where the first term reflects the autonomous dynamics, whereas the second term
describes the effect of pulse coupling. M inter-spike intervals yield a system of M
Eqs. (3.3) for unknown coupling coefficients εi, frequency ω, and the PRC Z of the
driven unit.

Assume for the moment that the coupling coefficients εi are given. Then, rep-
resenting the unknown Z(ϕ) as a finite Fourier series of order NF , we obtain from
Eqs. (3.3) a system of linear equations for 2NF + 1 Fourier coefficients and the un-
known frequency ω. For a long time series, M > 2NF + 2, this is an over-determined
system which can be solved, e.g. by a least-mean-square fit or by singular value de-
composition, see [89]. On the other hand, if PRC is given, we again obtain a solvable
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linear system for N − 1 coupling coefficients εi and frequency ω 1. Thus, having an
initial estimate for either PRC or coupling coefficients (practically we use the latter
option) we can try to solve Eqs. (3.3) by iterations.

3.3.2 First iteration

The phases within each inter-spike interval vary from zero to 2π. For the first iter-
ation we take the simplest approximation, i.e. we compute the phases as growing

proportionally to time. Hence, when a spike at τ
(i,l)
k arrives, the phase of the first

unit is taken as
ϕ

(i,l)
k ≈ 2πτ

(i,l)
k /Tk . (3.4)

Since in this approximation we neglect the phase resets, ϕ→ ϕ+ εiZ(ϕ), the errors
of such a phase estimation are of the order of εi‖Z‖, where ‖ · ‖ is the norm of the
function, and accumulate with the number of the incoming spikes.

Next, we have to choose some initial values for the coupling coefficients εi. There
are several options on how to do this. Firstly, we can exploit the simple idea that
if there is no connection to the first unit from the unit i, then Tk cannot depend on
the phase when the spikes from this unit appear, i.e. there shall be no dependence

of Tk on ϕ
(i,1)
k . On the other hand, if this connection exists, the dependence of Tk on

ϕ
(i,1)
k shall be present as well; moreover, the larger εi, the stronger this dependence

shall be. As shown in Appendix S3.1, this idea indeed works well for long time series.
Alternatively, we can assign the same value to all εi, or we can take them randomly.

3.3.3 Next iterations

In the first approximation we compute the phases proportionally to time, see Eq. (3.4).
If the coupling strength, εi, and parameters of the system, i.e. ω and Z, are already
estimated, then we can use this knowledge for a more precise estimation of the phases.
For illustration, suppose that within the inter-spike interval Tk the first unit receives

three stimuli at times τ
(i,1)
k < τ

(m,1)
k < τ

(n,1)
k . Then the phases at these three in-

stances are computed as

ϕ
(i,1)
k = ωτ

(i,1)
k ,

ϕ
(m,1)
k = ωτ

(m,1)
k + εiZ

(
ϕ

(i,1)
k

)
,

ϕ
(n,1)
k = ωτ

(n,1)
k + εiZ

(
ϕ

(i,1)
k

)
+ εmZ

(
ϕ

(m,1)
k

)
.

The phase at the end of the given inter-spike interval is

ψ = ωTk + εiZ
(
ϕ

(i,1)
k

)
+ εmZ

(
ϕ

(m,1)
k

)
+ εnZ

(
ϕ

(n,1)
k

)
. (3.5)

By definition, this value should be equal to 2π. However, since ω and Z are not
exact, ψ generally differs from 2π. Therefore, we re-scale all phase estimates by the
factor 2π/ψ.

1 When neither PRC nor εi are known, Eqs. (3.3) represent a nonlinear system with respect to
N+2NF +2 unknowns. Alternatively, one could consider products of εi and the Fourier coefficients
as unknowns and end up with a linear, but rather large system of N(2NF + 2) unknowns.
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Now, using the newly estimated phases and the estimation of the PRC from
the previous iteration, we can compute new values of the coupling coefficients εi,
and then repeat the whole procedure. As we demonstrate below, these iterations
converge quite quickly.

3.4 Numerical tests

In this section we present the results of numerical testing of our reconstruction algo-
rithm. For this goal we generate the networks with some randomly chosen parameters
and simulate them to obtain the data. Next, we recover the network from these data
and compare the reconstructed parameter values with the true ones.

3.4.1 Basic model

In this test, for acceleration of data generation we assign identical PRCs to all nodes;
however, because each node of the network is treated separately, this feature is nei-
ther used for reconstruction nor implies any limitations in the applicability of the
algorithm. First, we consider networks of N = 20 oscillators, with natural frequen-
cies taken from a uniform distribution between 1 and 2. Strength of network links is
sampled from the positive half of a Gaussian distribution with zero mean and stan-
dard deviation 0.02. The frequency of the first oscillator is set to 1, assuring that it
is the slowest one (as discussed below, this is the most difficult case) and then we re-
construct its PRC Z, frequency ω, and strength of all incoming links εi, i = 2, . . . , 20.
We exclude from the consideration the networks where at least two units synchro-
nized. We use ten iterations of the procedure described above. The number of the
Fourier harmonics approximating the PRC is NF = 10 which is sufficient to describe
PRCs of common neuronal models.

Before presenting the results we recall that all equations contain εi and Z in
products of each other. Therefore, solutions {εi, Z} and {cεi, Z/c}, where c is an
arbitrary constant, are equivalent. The factor c has no physical meaning by itself,
but since we want to compare the reconstructed values with the originally given, we
have to fix it. Quite arbitrarily, we do it by minimizing

N∑
i=2

[
ε

(t)
i − cε

(r)
i

]2
where the superscripts (t) and (r) stand for true and reconstructed, respectively. This
condition yields

c =

N∑
i=2

ε
(t)
i ε

(r)
i

/ N∑
i=2

[
ε

(t)
i

]2
. (3.6)

Using this normalization, we show the results of a particular run in Fig. 3.3; for this
computation we took initially εi = 1 , ∀i.

Next, we perform a statistical analysis for 105 network configurations. To quantify
the quality of the reconstruction, we define the corresponding errors for recovered
PRC, εi and ω as

∆2
PRC =

∫ 2π

0

[
Z(t)(ϕ)− Z(r)(ϕ)

]2
dϕ∫ 2π

0

[
Z(t)(ϕ)

]2
dϕ

, (3.7)
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∆2
ε =

N∑
i=2

[
ε

(t)
i − ε

(r)
i

]2/ N∑
i=2

[
ε

(t)
i

]2
, (3.8)

and
∆2
ω =

[
ω(t) − ω(r)

]2
, (3.9)

respectively 2. The distributions of errors, shown in Fig. 3.4, confirm robustness of
the iterative procedure.
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Figure 3.3: Reconstruction of a network of 20 units using M = 200 inter-spike intervals. Panels (a,c,e) and
(b,d,f) show the results for PRC type I and PRC type II, respectively, see Eqs. (3.1,3.2). (a,b) Strength
of incoming connections for the first oscillator: true values (gray disks) and values recovered after one, 2,
and 10 iterations (blue crosses, green pluses, and red circles, respectively). (c,d) True (wide gray curve)
and reconstructed PRCs, after one, 2, and 10 iterations (blue dashed-dotted, green dashed, and red solid
curves, respectively). (e,f) Estimated natural frequencies as functions of the iteration number; the true
value ω = 1 is shown by horizontal gray line. Notice that in this figure we illustrate the most difficult

case of the slowest node.

2Notice that error ∆ε is minimized due to normalization according to Eq. (3.6).
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Figure 3.5 shows the dependence of the reconstruction error on the number of inter-
spike intervals. Naturally, the more data we use, the better results we expect. This
test demonstrates, that reasonable reconstruction can be achieved already for several
hundreds of intervals. Additionally, instead of initially assigning the same value to
all coupling coeffiecient εi, we also performed the test with random assignment of the
initial values. For several generated networks we performed 104 reconstructions with
different initial εi. The results confirm convergence of the algorithm for this case as
well.
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Figure 3.4: Histograms of errors of the coupling strengths ∆ε (a,b), PRC ∆PRC (c,d), and frequency
ω (e,f), see Eqs. (3.7-3.9). Panels (a,c,e) and (b,d,f) correspond to tests with PRC type I and type II,
respectively. In each panel the results of the first, third, and tenth iterations are shown in blue (dash-
dotted), green (dashed), and red (solid line) respectively. In (a,b) also the distribution of errors for initial

values εi = 1 is shown in orange (dotted line).
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panels (e,f) the error of the frequency ω (3.9). For each value of M reconstruction error was computed for
6000 different networks. The blue and the orange areas contain 50% and 75% of the errors, respectively;

the median is shown in red.

To conclude the presentation of the algorithm we briefly discuss its stability with
respect to noise as well as its computational complexity. We have tested our method
on data generated with dynamical white noise, ϕ̇i = ωi + ξi, and found that for
weak noise, the errors of the reconstruction scale roughly linearly with the standard
deviation of the noise, σ, i.e. ∆X = κXσ, where scaling coefficients are κε ≈ 40,
κPRC ≈ 100 and κω ≈ 1. Regarding the computational complexity of the algorithm,
we note that, at each iteration, recovering incoming connections of one node requires
least squares minimization of an M×N system (for εi) and M×(2NF +2) system (for
PRC). Assuming that NF can be kept constant, we arrive at O(N3M) asymptotic
scaling dependence for reconstruction of the whole network. Since the number of
intervalsM should always be greater than the number of oscillatorsN in order to have
an over-determined system, we took M ∝ N and measured the computation time
for different system sizes ranging from N = 10 to N = 500. Within that range the
error of the reconstruction was roughly constant and the computation time scaled like
O(N4), as expected. In fact, computations are very fast: for M = 1000 inter-spike
intervals, a single iteration of the reconstruction of one node’s incoming connections
in a network of 100 oscillators takes about a second on a common computer.
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3.4.2 Network of Morris-Lecar neurons

In the next test we make a step towards more realistic modeling and consider a
network of Morris-Lecar neurons [65]. The equations of the network are:

V̇i =Ii − gL(Vi − Vl)− gKwi(Vi − VK)

− gCam∞(Vi)(VCa − Vi) + I
(syn)
i ,

ẇi =λ(Vi)(w∞(Vi)− wi) ,

(3.10)

where

m∞(V ) = [1 + tanh (V − V1/V2)]/2 ,

w∞(V ) = [1 + tanh (V − V3/V4)]/2 ,

λ(V ) = cosh [(V − V3)/(2V4)]/3 ,

(3.11)

and I
(syn)
i is the total incoming synaptic current. We write the latter as

I
(syn)
i = [Vrev − Vi]

∑
j,j 6=i

εij
1 + exp [−(Vj − Vth)/σ]

. (3.12)

We take standard values for most of the parameters 3. Parameters of the synaptic
coupling are Vrev = 0.2, Vth = 0.25, and σ = 0.01. The neurons are non-identical:
the values of the current are Ii = 0.077

[
1+0.22 U(0, 1)

]
, where U(0, 1) is a uniformly

distributed random number between zero and one; for these values the neurons remain
in the spiking state. Similarly to the previous test, we assure that the first oscillator
is the slowest by setting its current to the minimal value, I1 = 0.077. The results of
the analysis for 20 neurons and 200 inter-spike intervals, shown in Fig. 3.6, confirm
the efficiency of our technique.

3.5 Discussion and conclusions

With the help of two model systems we have demonstrated, that our technique pro-
vides a robust reconstruction of a network. The data requirements are not too
demanding: the reconstruction is quite precise already for time series of several hun-
dreds of spikes. Now we discuss some limitations of the method.

Our approach is based on modeling phase dynamics of a network from data,
which assumes weak coupling approximation. If the coupling is not weak enough,
the description in terms of PRCs can still be reasonable, but in this case the phase
response can be also amplitude-dependent. This means that estimation of the net-
work connectivity remains correct, but the obtained PRC has a limited applicability.
Unfortunately, the assumption of weak coupling can be hardly verified from data
analysis only. However, we can check the quality of our phase dynamics modeling
by looking at the deviation of the phase ψ, see Eq. (3.5), from 2π. Furthermore,
we suggest to perform the reconstruction of the same network many times, starting
from different initial values of the coupling strength εi and looking for the conver-
gence of the results: if different initial values yield close network parameters, then

3Parameters of the system (3.10,3.11) are: gL = 0.5, gK = 2, V1 = −0.01, V2 = 0.15, VCa = 1,
VK = −0.7, VL = −0.5, gCa = 1.33, V3 = 0.1, V4 = 0.145.
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Figure 3.6: Reconstruction of a network of 20 Morris-Lecar neuronal oscillators, see Eqs. (3.10-3.12).
200 inter-spike intervals were used for the reconstruction. (a) True values of the strength of the incoming
connections for the first neuron (gray disks) and these values reconstructed after 10 iterations (red crosses).
(b) True (wide gray curve) and reconstructed (solid red curve) PRC. Notice that in this figure we illustrate

the most difficult case of the slowest node.

the results can be trusted. Now we comment on the initial estimate of phases using
Eq. (3.4). As already mentioned, the error is proportional to εi‖Z‖ and increases
with the number of spikes that arrive within the inter-spike interval of the driven unit.
This explains why the case of the slowest oscillator is the most difficult one: such an
oscillator has on average more incoming stimuli per inter-spike interval then the fast
units. This means, that although our examples demonstrate robust reconstruction,
it may fail if ωi/ω1 � 1.

Next limitation is related to variability of the inter-spike intervals of the driving
unit i (for ωi > ω1). Indeed, suppose that drive is strictly periodic. Then time
of the appearance of the first spike unambiguously determines the timing of the
following ones, and hence, the length of the inter-spike interval Tk. However, Tk
is then determined by the sum of different pieces of PRC and this sum cannot be
disentangled. The initial estimation of the strength of the connection as described
in Appendix S3.1 can still work, but the recovery of the PRC becomes impossible
and the iterative procedure fails. So, we foresee that reconstruction may be not so
robust for very sparse networks where we expect to have purely periodic nodes. On
the other hand, a realistic network is noisy, and noise naturally provides the desired
variability in the time series, thus enhancing the reconstruction. Finally, we mention
that the reconstruction fails if the network synchronizes.
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S3.1 First estimation of incoming connections

For sufficiently long data an initial estimation of the coupling strength εi can be
performed by evaluating the effect of the first pulse from unit i, that arrives within
the k-th inter-spike interval, on the length of this interval Tk. For this purpose, we

first plot Tk vs ϕ
(i,1)
k , for all incoming links. Next, for each plot, we divide the ϕ-

axis into Nb bins and average the Tk values within each bin. As a result, we obtain

a dependence T̄
(i)
n (ϕ̄n), where ϕ̄n = π

Nb
(2n − 1), n = 1, . . . , Nb, are phases at the

centers of bins. Our conjecture is that T̄
(i)
n (ϕ̄n) reflects the strength of the incoming

connection: if this strength is zero, i.e. there is no incoming link from unit i, then
there shall be no dependence; on the other hand, if the incoming connection is strong,
then we expect the dependence to be well-pronounced.

We illustrate this idea in Fig. S3.1, where two such plots are shown for the cases
of strong and weak incoming connections.

We see that indeed T̄
(i)
n (ϕ̄n) reflects the coupling coefficients εi. Hence, we use

the standard deviation of this dependence as the first estimate, i.e. we take

εi =
〈(
T̄ (i)
n − 〈T̄ (i)

n 〉
)2〉1/2

, (S13)

where 〈·〉 means averaging over Nb bins. Although the correspondence between the
estimate and true coupling strength is not exact, in most cases this approach yields
reasonable values.
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φk
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2π (ω/ωi)
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Figure S3.1: Scatter plots of inter-spike intervals Tk vs. approximated phase ϕ
(i,1)
k of the first spike from

a chosen driving oscillator i, for a strong coupling strength (a) and for a weak one (b). The horizontal

axis is divided into Nb = 50 bins and solid red curve shows the average of Tk over each of the bins, T̄ (i),
as a function of the central phase ϕ̄ of the bins; 2 · 104 inter-spike intervals are used in this computation.



Chapter 4

Inferring the dynamics using
recurrent neural networks

We investigate the predictive power of recurrent neural networks for oscillatory sys-
tems not only on the attractor, but in its vicinity as well. For this we consider
systems perturbed by an external force. This allows us to not merely predict the
time evolution of the system, but also study its dynamical properties, such as bifur-
cations, dynamical response curves, characteristic exponents etc. It is shown that
they can be effectively estimated even in some regions of the state space where no
input data were given. We consider several different oscillatory examples, including
self-sustained, excitatory, time-delay and chaotic systems. Furthermore, with a sta-
tistical analysis we assess the amount of training data required for effective inference
for two common recurrent neural network cells, the long short-term memory and the
gated recurrent unit.

Adapted from: R. Cestnik and M. Abel, Inferring the dynamics of oscillatory
systems using recurrent neural networks, Chaos 29, 063128 (2019) [52].
Associated software: OscillatorSnap @ Software section at the end.
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Inference of most dynamical properties of any system is typically best done with
an active experiment, meaning that one has the power to repeatedly manipulate the
system state in controlled conditions in order to isolate the desired measure, e.g. car
technical inspection, where the examiners manipulate the car into specific situations
in order to asses its safety on the road. Often however, one only has access to passive
observations. This can be due to a number of reasons, for example, the system can be
very big, like when studying the dynamics of our planet, or the system can be delicate,
like when studying the physiology of the human body. The algorithms that attempt
to distil dynamical measures from passive observations commonly make assumptions
on how the observations were collected and typically require very long observations.
Imagine, for example, assessing the car‘s capabilities only from observing routine
trips to work. Here we propose a conceptually simple scheme, relying on the now well
established artificial neural networks. In particular, we use recurrent neural networks
which have established themselves in timeseries forecasting, text generation etc. and
train the networks to mimic the system dynamics, allowing us to then perform an
active experiment on the trained model. We test this on several oscillatory systems
and measure their characteristic properties, such as, bifurcations, dynamical response
curves, characteristic exponents and compare them to the measures from the original
system.

4.1 Introduction

Oscillatory systems can be found in all fields of natural science: in optics [90], elec-
tronics [91], chemistry [92], biology [16], climatology, life science, etc. Oscillations
are present at all scales, both temporal and spatial, e.g. in biology, from cells like
neurons [93], to organs like the heart [94], to oscillations spanning the entire organism
such as the circadian rhythm [95] and the menstrual cycle.

Classical modeling of dynamical systems consists of reasoning of the terms in-
volved followed by directly assessing the validity of the model. For low-dimensional
systems, this works well; however the aforementioned examples are all complex, high-
dimensional and coupled to their surrounding, like the brain which consists of many
coupled neurons [96]. Other examples include climate models [97] and fluid dynam-
ics, which have been a major driving force for the investigation of periodic motion,
synchronization of oscillatory systems [15], period doubling bifurcations, and chaotic
oscillations. Accurate modeling of such systems is hard, but with increasing com-
puter power existing methods to infer dynamical systems from measurements are
easier to realize [98, 99, 100].

For high-dimensional systems, one has to either measure with many channels
or apply embedding methods [101, 25], or commonly both. If a system is truly
periodic, then it lives on a one-dimensional manifold and may be in principle mod-
eled by a two-dimensional system of equations. If weakly perturbed, under certain
assumptions [102], the system remains close to the unperturbed orbit. Such pertur-
bations may originate from another oscillator, a network of oscillators or elsewhere
from the environment. However, if the system is close to a bifurcation, pertur-
bations may cause it to undergo dramatic changes in its dynamics. Bifurcations
however, are hard to predict for heuristic models, whereas this is generally easier
if equations are known. Under this point of view previous approaches using sym-
bolic regression methods [99, 103, 104] proved successful. Heuristic methods such



4.1. Introduction 61

as liquid state machines, echo state networks, or various types of artificial neural
networks [105, 106, 107, 108, 43] perform very well in predicting dynamical systems.
However, few studies are known for particular aspects of oscillatory systems inferred
from time series. Here, we investigate several oscillatory models under perturbation,
as they may occur in real measurements. Our focus is on the inference of dynamical
properties, bifurcation behavior and chaos, even if not all of the parameter variation
is included in the measurement.

In all of the above methods one typically a priori assumes a model (or a class
of models), sets an optimization criterion (e.g. least squares) and optimizes model
parameters or its functional constituents for nonparametric methods. Mathematical
aspects are most often left aside, e.g. basic assumptions on the existence of solu-
tions and robustness under perturbation, in particular for heuristic methods. Here
we utilize the widely used artificial neural networks (ANNs). An ANN has several
hyperparameters such as the actual topology of the network, the activation function,
the learning rate, and is in general very pliable toward many different tasks. Since we
consider time series, we investigate the capacities of recurrent neural networks [109]
(RNN). Due to loops in their connectivity they retain past information, i.e. they
inherently possess memory, similar to embedding. They tend to be particularly suc-
cessful in speech recognition [110], text generation [49] and machine translation [48],
where a forward-oriented semantic is present. The aim of this study is to evaluate
how suited RNNs are for modeling oscillatory systems under the aspect of parameter
change and perturbations. In this way, the inferred model of the oscillator can be
probed via changing the perturbation signal, effectively allowing the performance of
an active experiment.

The article is structured as follows: in section 4.1.1 we refer to relevant related
works and briefly recall the RNN functioning. in section 4.2.1 we introduce the dy-
namical inference setup and training scheme. We then present numerical tests with
example systems in section 4.2.2 where we compare signal reconstruction and other
observables such as the phase response curve [55] (PRC) and the maximum Lya-
punov exponent [111]. The different example systems are chosen as representatives
of different mechanisms giving rise to oscillatory behavior; specifically, self-sustained
and excitable oscillations, time-delay induced oscillations and chaos. We continue
by presenting numerical tests on data requirement for successful inference in sec-
tion 4.2.3 where we compare the inference quality for different lengths of time-series
used for training. We present the methods used in more detail in section 4.3 and
finally, discuss the novelties, limitations and generalizations of our approach in the
discussion section 4.4.

4.1.1 Previous work

In this paragraph we chronologically go through works related to this chapter. In
Ref. [112] the author uses a RNN for learning state space trajectories. In Ref. [113] the
authors show that any trajectory generated by a finite-dimensional dynamical system
can be effectively represented with a neural network. In Ref. [114] the authors model
a dynamical system with a perturbation using a RNN. In Ref. [115] the authors use
feed-forward neural networks [47] to model dynamical systems. They feed in delayed
values of one variable as well as a control parameter as inputs and train the network
for one step predictions. The approach works well and they reproduce bifurcation
diagrams of several example dynamical systems. In our approach we train RNNs
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for one step prediction where the input consists of several time-delayed values of
one or more variables as well as an arbitrary number of perturbative signals (we
will refer to the perturbative signal inputs as p-inputs). The past values of one or
more variables contain information of the topology of the attractor of the complete
system according to the Takens’ delay embedding theorem [25]. The RNN topology
prioritizes more recent values over older ones for the next prediction, therefore, we
believe it is more suitable for time-series prediction and demonstrate its efficiency
throughout this chapter.

4.1.2 Recurrent neural networks

Artificial neural networks is nowadays a relatively broad term as many different
network topology classes are commonly used for dealing with different types of prob-
lems. The simplest class of ANNs are the feed-forward networks, they have directed
connections between subsequent layers without any loops, effectively allowing the
information to flow in only one direction - forward. The slightly more general class
are the recurrent neural networks (RNN), they can have loops in their connectivity,
which can result in internal state memory. Different RNNs then differ in the fine
architecture of the basic cells, the order and type of logical operations. In this work
we apply two commonly used cells, the long short-term memory cell [116] (LSTM)
and the gated recurrent unit [117] (GRU). LSTM was constructed first in an attempt
to deal with long term dependencies and GRU emerged as its faster simplification.
Further details on the functioning of different RNN cells can be found in Ref [118].
The software implementation was accomplished with the help of TensorFlow [119]
and Keras [120].

4.2 Results

4.2.1 Inference scheme

Consider a general dynamical system ~̇x(t) = f(~x) ∈ RN , perturbed by an external
perturbation ~p(t) ∈ RN . Suppose we have measured the timeseries of nx ≥ 1 state
variables ~x = (x1, x2, . . . , xnx) as well as the np timeseries of the perturbation
~p = (p1, p2, p3, ...) over a period of time. The question we investigate is if it is
possible to recover both the autonomous dynamics of the system ~x and the system’s
response to the perturbation using RNNs. Without perturbation we can only recover
the dynamics on the attractor, but with a perturbation the phase space around the
attractor is explored and we have a means to infer the neighboring phase space, too.

We train the RNN to receive historical values of ~x(t), ~p(t) and return the time-
evolved state ~x(t + ∆t). In practice, this is accomplished by first ”unrolling” the
network. The RNN at each time step can be represented as a separate copy of
the same network, where the recurrent connections have been replaced with regular
connections linking every copy with its successor. Then this chain of networks is
truncated and a finite number of ”rolls” (network copies) considered. The historical
values effectively correspond to a time-delay embedding, allowing the RNN to infer
the state of the system. The number of rolls therefore corresponds to the dimension-
ality of the time-delay embedding, although the time steps we use are typically much
smaller then delays used in embeddings, making the succesive steps considerably cor-
related. Nevertheless we can deduce from the Takens’ embedding theorem [25] that
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at least R > 2M + 1 rolls have to be considered, where M is the dimensionality of
the attractor. The sampling ∆t must be smaller than the smallest time scale which
occurs in the system (or which we may want to include in our modeling). Heuristi-
cally, one can say that the time-resolution ∆t should be chosen fine enough to see
the details of interest.

Given an appropriate resolution and number of network copies we can begin to
”train” our model, i.e. to start a loop for the statistical inference method: At each
training step the network ”learns” the possible relation:

~x(t), ~p(t) 7→ ~x(t+ ∆t) (4.1)

using the time instants t, t − ∆t, t − 2∆t, ..., t − (R − 1)∆t. We use a least-

squares optimization criterion ‖~xe−~x ‖
‖~x−〈~x〉‖ (where 〈·〉 stands for the mean) to determine

quantitatively how well the estimates ~xe match the true values ~x. Hereafter, we use
estimated and modeled as synonymous.

4.2.2 Examples

We put our scheme to the test on several model systems, including time-delay, ex-
citable and chaotic oscillators. The validation test consists of comparing the modeled
signal with the original when presented with data never seen in training. As impor-
tant measures of oscillatory systems we estimate the phase response curve [55] (PRC)
and the maximal Lyapunov exponent [111] for comparing the predictive power the
model has in a dynamical systems context.

For all examples shown in this chapter we use a network with 1 hidden layer of
32 nodes and 36 rolls. We use tanh activation for all but the output layer, where
we use linear activation so that a continuous signal can be produced. There are
two common cells used in RNN: the long short-term memory cell [116] (LSTM) and
the gated recurrent unit [117] (GRU). We tested both for the systems in this study;
as a result we found that GRU performed poorly, hence all results shown are for
LSTM models, cf. Sec. 4.2.3 for a comparison of the two cells. To generate the
data we first simulate the perturbation signal using the stochastic Euler-Maruyama
integration scheme, and then integrate the dynamical equations with fourth order
Runge Kutta. We use a sufficiently small time step and then re-sample the signals
to an appropriately lower time resolution to create the network training data. The
resolution is chosen such that 36 points (the number of considered historical values
R) corresponds to 1 natural period of the oscillator. In the case of chaotic oscillators,
this was computed as the average period, in the case of excitable systems the time
needed to return from the excited state to the fixed point was used.

Roessler oscillator - phase response curve, bifurcation diagram and Lya-
punov exponents

For our first test we use the Roessler system [4], because it exhibits many differ-
ent regimes, i.e. simple periodic oscillations, higher period oscillations and chaos,
by varying just one parameter b, cf. Fig. 4.2(a) for the bifurcation diagram. The
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corresponding equations, including the perturbation p read:

ẋ = − y − z
ẏ = x+ ay

ż = b+ z(x− c) + p(t)

(4.2)

with parameters a = 0.2 and c = 5.7. To explore the phase space, we can vary b
through a constant term in the perturbation p(t). For the first test we set b = 2.0,
such that the system has a simple attractive periodic orbit. In the following we use
a stochastic perturbation, generated by an Ornstein-Uhlenbeck [26] process:

q̇ = −q/τ + ε
√

2/τξ(t) (4.3)

where ξ is Gaussian white noise 〈ξ(t)ξ(t′)〉 = δ(t − t′), and ε = 0.5 and τ = 5.0
are the amplitude and correlation time of q. The stochastic differential equation
is integrated with the Euler-Maruyama method to obtain noise with exponentially
decaying correlation: 〈q(t)q(t′)〉 = ε2e−(t−t′)/τ .

Now, we set p(t) = q(t) and feed both the signal x(t) and the perturbation signal
into the network as described in section 4.2.1. The timeseries length corresponds to
1000 natural periods, which is presented to the network during 500 training epoch
in batches of 100 time points with resolution ∆t = 0.17 (the time step used for the
integration is significantly smaller). The network is trained using stochastic gradient
descent [121] with learning rate 0.005.

The network learns to reproduce the dynamics to a mean deviation of 2.5 ×
10−2 (for the time window in Fig. 4.1), such that the reproduced signal is visually
indistinguishable from the one generated with Eqs. (4.2). This holds true for both
the perturbed signal - where p(t) is fed to both the network and the equations, as
well as for the unperturbed signal - where p(t) = 0 is used.

Can we use the inferred network for more than just mimicking a signal, e.g. to
study dynamical regimes? We want to study this scenario in probing the network
for dynamical responses to stimuli. Since the system in question is a self-sustained
oscillator it is natural to estimate its PRC, cf. Sec. 4.3.2. The comparison of the
estimate obtained from the RNN and the the true PRC, is displayed in Fig. 4.1.
The coincidence is very good, up to mean deviation of 0.1 in the entire phase range
[0, 2π). Indeed, this can be an effective method of inferring the PRC from data,
cf. [60, 58, 50].

We perform another test with the Roessler oscillator, this time testing the power
of the network to reproduce the system across several dynamical regimes. For this
we use b = 0 and a strong and varied p-input that considerably explores the state
space:

p(t) =
1

2
exp(q(t)) (4.4)

where q(t) is the p-input described in Eq. (4.3). It yields a process with a log-normal

distribution: P (p) ∼ 1
p exp

(
−2
(

log(p)+log(2)
)2)

. Such p-input spans a wide range

of values, effectively introducing different regimes of our system to the network, see
Fig. 4.2(a) for the p-input probability distribution with respect to b bifurcation (grey
shaded region in the background). The idea is that the network then effectively learns
to mimic the regimes corresponding to different values of b, which we can invoke via
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Figure 4.1: a: The training signal generated with Eqs. (4.2) in red and the RNN reproduced signal in
green. Both have the same p-input, depicted with gray (scaled for being visually comparable to the
signal). The vertical black line marks the beginning of the forecast. b: The true phase response curve of

system (4.2) in red and the one inferred from the RNN in green.

the offset of the p-input p(t). For this study we use a longer timeseries corresponding
to 10000 natural periods, which is presented to the network during 1000 training
epochs.

As a result, we find that the network reproduces the signal of the system perturbed
by Eq. (4.4) well. Furthermore, we can estimate the bifurcation diagram from the
network by feeding it different values of constant p-input, effectively setting the
parameter b of the model (4.2) and observing the stationary signals, see Fig. 4.2(a).
In the value range of the p-input (4.4) the diagram obtained from the RNN matches
the true one closely. It reproduces simple oscillatory regimes, chaotic regimes and
the period doubling bifurcation. Throughout the range of b the natural frequency
(average frequency in the case of chaos) matches the true one closely, with mean
deviation of 5× 10−2.

In chaotic regimes the maximum Lyapunov exponent [111] is an important mea-
sure as it quantifies the divergence of nearby trajectories in time. We estimate it from
the RNN and plot it against the true values, see Fig. 4.2(b). This is accomplished
by long time observation of the evolution of two nearby states, while re-scaling their
difference to prevent them from diverging far from each other, see section 4.3.3 for
further details. This can be an effective method for inferring the Lyapunov exponent
from data, cf. [122, 123].

Now we go even one step further and test the prediction of the RNN when pre-
sented with an input outside the range of trained values. We train two networks on
slightly modified p-inputs:

p(t) =
1

2
exp(±|q(t)|) (4.5)
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This effectively splits the probability distribution of the p-input (4.4) in two at the
value b = 0.5. One network is trained only on values smaller than 0.5 and the other
only on larger ones. Then we perform the same prediction analysis as in the previous
test, estimating the bifurcation diagram and the Lyapunov exponents accross the
full range of b ∈ (0, 2). It stands to reason that the predictions in regimes far
from those presented during training will have little to do with the original system,
but nevertheless it is surprising just how much can be deciphered from them. For
example, in Fig. 4.3(a) a period doubling bifurcation occurs outside of the trained
regime, as it does in the original system (although the critical values are shifted), and
throughout the entire test range the system remains oscillatory (it does not settle to
a fixed point). Not all features are reflected however, for instance in Fig. 4.3(c) in
the chaotic regime outside of the p-input range the period-3 window is not observed.

Figure 4.2: a: The bifurcation diagram of system (4.2) in red and the one inferred from the RNN in
green. The probability density of the p-input is underlaid in gray (scaled for being visually comparable
to the diagram). b: The Lyapunov exponents of system (4.2) in red and the ones inferred from the RNN
in green. The true bifurcation diagram is underlaid in gray (scaled for being visually comparable). Note
that the bifurcation diagram as well as the Lyapunov exponent range were reproduced with a single RNN

trained on correlated noise p-input, Eq. (4.4).
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Figure 4.3: The bifurcation diagram and maximal Lyapunov exponent for system (4.2) perturbed by
Eq. (4.5). On the left (a,b) the negative exponent (-) is used, therefore limiting the p-input values below
0.5, and on the right (c,d) the positive exponent (+) is used, limiting the p-input values to above 0.5, see
the underlaid probability distributions in gray. Therefore, each side has a range of parameter values b that
the RNN has not been presented with during training. In all subplots the true values of the system (4.2)

are depicted with red and the RNN inferred ones with green.

FitzHugh-Nagumo oscillator - example of an excitable system

In the following two examples we want to study the power of RNN for two systems
with different origin and dynamical behavior of oscillations. As a first important
class we investigate an excitable system, namely the FitzHugh-Nagumo oscillator [6]:

ẋ = x− x3/3− y + I0 + p(t)

ẏ = σ(x+ a− by)
(4.6)

where parameters are σ = 0.1, a = 0.7, b = 0.8 and I0 = 0.25. For the p-input we use,
as once before p(t) = q(t), described by Eq. (4.3), with ε = 0.05 and τ = 25.0. The
RNN is trained on timeseries comprising of 1000 spikes, over 500 training epochs. The
time resolution is ∆t = 1. For the excitable oscillations we compare how well does
the model reproduce a spike train when presented with a novel p-input realization,
see Fig. 4.4(a). Furthermore, we estimate the spiking frequency with respect to the
input current I0 (the p-input) and compare it to the true one, see Fig. 4.4(b). For low
input currents I0 the system (4.6) is quiescent, i.e. it does not fire and remains close
to its fixed point. When I0 is increased, a bifurcation occurs, a limit cycle is born and
the system begins to spike regularly. The corresponding first-order phase transition
is clearly inferred from the RNN, with the critical value of the input accurately
predicted up to the order 10−3. In addition, the estimated frequency values match
the true ones closely, with mean deviation 10−2.
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Figure 4.4: a: The training signal generated with Eqs. (4.6) in red and the RNN reproduced signal in
green (shifted up for distinction). Both have the same p-input realization, depicted with gray (scaled and
shifted for being visually comparable to the signal). b: The true spiking rate of system (4.6) in red and

the one inferred from the RNN in green.

Mackey-Glass equation - example of a delay system

For our final study we briefly report on the RNN results for the Mackey-Glass equa-
tion [2], as a representative of time-delay systems:

ẋ = a
xθ

1 + xnθ
− bx+ p(t) (4.7)

where xθ represents the time delayed variable x(t − θ), a = 2, b = 1, n = 8 and
the time-delay θ = 2. In this parameter regime the equation yields a stable limit
cycle with a period-2 orbit, see Fig. 4.5. We use p-input p(t) = q(t), Eq. (4.3),
with ε = 0.005 and τ = 1.0. The length of time series corresponds to 5000 natural
periods, over 500 epochs in batches of 100 time points with resolution ∆t = 0.15.
The dynamics is well reproduced with a mean deviation of 5 × 10−2. Intuitively,
a RNN seems to be suited well for modeling delay equations, since it has inherent
delay. We conclude that for this important model class RNNs work well.

4.2.3 Amount of data and noise study

Any good statistics-based study includes a section on the dependence of the result on
the amount of data provided and the sensitivity to noise - we do so in the following
paragraphs. We present only results for the Roessler oscillator, Eq. (4.2). We train
independent RNN models with different lengths of timeseries. We vary the amount of
data supplied to the RNN in the following way: we keep the product of the timeseries
length and number of epochs constant, thereby always introducing the same number
of data points to the network (500000), i.e. we change the number of occurrences of
the same points. The sampling rate is kept constant. We test the range from 15 to
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1000 periods and measure the error of the PRC and signal, see Fig. 4.6. For each set
of parameters 100 models are trained and evaluated. The PRC error is evaluated as
the L2 norm of the difference between the true and the reconstructed curve:

2π∫
0

(
PRC

RNN
(ϕ)− PRC

TRUE
(ϕ)
)2

dϕ

and similarly for the signal error:

∆∫
0

(
x
RNN

(t)− x
TRUE

(t)
)2

dt

where we further have to determine over what interval we evaluate it, ∆.
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Figure 4.5: a: Delay embedded trajectory of system (4.7) in red, its two dimensional projections in purple.
For the chosen set of parameters the system has a stable limit cycle, the variation is due to the p-input. b:
The signal generated with Eqs. (4.2) in red and the RNN reproduced signal in green. Both have the same
p-input realization, depicted with gray (scaled and shifted for being visually comparable to the signal).

The vertical black line marks the beginning of the forecast.
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The results of this evaluation are shown in Fig. 4.6. Here we also demonstrate the
difference between LSTM and GRU cell types, underlining our previous remark on
the poor results for GRU. For the LSTM cell, the PRC error is on average rather good
and it clearly shows a dependence on the amount of data provided, approximately at
100 periods worth of data the error saturates around the value 0.1, see Fig. 4.6(a). In
the case of GRU the PRC error is large and does not seem to improve with greater
amounts of data, Fig. 4.6(b). That is not to say that GRU intrinsically cannot
perform this task, it might just require a larger network to achieve the same effect
- recall that we use the same number of nodes throughout this work. GRU was
designed as a clever, faster simplification of the LSTM cell. It merges the hidden cell
state into the regular cell state as well as merging several logical operations into fewer
ones [118]. These simplifications are reasoned by its developers [117] but apparently
noticeably impair the cell in performing our particular task.

The error of the signal undoubtedly should depend on the interval ∆ over which
it is evaluated. Even with a near perfect model the small errors build up and after
a long time the true and reconstructed signals become incoherent, which means that
with increasing ∆ the error should grow. We see that for both cells in Fig. 4.6(c,d),
although on average the GRU signal errors are significantly larger. As with the PRC
error, the signal error decreases with the amount of data.
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Figure 4.6: Comparison of data requirement for two different cells, LSTM left (a,c) and GRU right (b,d).

In the top plots (a,b), the error of the inferred PRC with respect to the length of data provided, tdata (in
units of the natural period T0). In the bottom plots (c,d), the error of the reproduced signal with respect

to the length of data provided tdata (15, 120 and 1000) for three different forecast lengths, ∆ (10, 30 and
100).
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Now for the robustness of the inference against measurement noise. We only
present a basic study where we consider the Roessler system, Eq. (4.2) with p-input
p(t) = q(t), Eq. (4.3). We fix b = 0.6 which corresponds to a chaotic regime. Then,
we add to each time point a random uncorrelated Gaussian number with mean 0 and
standard deviation 1 to represent strong measurement noise, and train the network
on the noisy signals. We introduce 10000 average periods worth of training data over
500 epochs. The network effectively extracts the relevant dynamics and reproduces
the attractor well, see Fig. 4.7.

x(t)

y(t)

z(t)

Figure 4.7: The training data in red and the RNN reproduced attractor in green.

4.3 Methods

In this section we specify the methods we used to evaluate the properties of oscillatory
systems. For each property we write how we computed it from the equations as well
as how we computed it from the RNN.

4.3.1 Natural period estimation

The period is measured as the time between two successive signal-threshold crossings
from bellow when the system is unperturbed. From equations, the time of crossing
is accurately estimated using the Hénon trick [11]. When estimating from a network,
a linear interpolation from a point before and after the threshold crossing is used.
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4.3.2 Phase response curve estimation

Firstly the natural period T0 has to be accurately estimated, see section 4.3.1. Then
the system in question is weakly and instantaneously perturbed at particular phases
ϕ∗, i.e. at times t∗ = ϕ∗

2πT0 after the beginning of a period, p(t) = εδ(t − t∗). Then
the evoked phase shift is evaluated as

Z(ϕ∗) = 2π
nT0 −

∑n
i=1 Ti

εT0
(4.8)

where T1 is the period in which the perturbation arrives and T2, T3, T4, ... the periods
that follow. n counts how many periods we wait to evaluate the shift and since we
are looking for the asymptotic shift n should be big enough that the PRC does not
depend on it, in this chapter we used n = 5.

In the case of the network, the time for inputting perturbations is discrete and the
best we can do is input perturbation ε/∆t where ∆t is the time increment between
two consecutive points in the unrolled RNN.

4.3.3 Maximal Lyapunov exponent estimation

For computing the exponents from the true system we use the standard technique,
since we have the dynamical equations.

To estimate the exponent from the RNN a different approach is needed. Suppose
we have access to all the variables of the original system ~x = (x1, x1, ..., xnx). In
such case the intuitive method can be used:

1. simulate a trajectory ~x for a long time so it settles to the attractor,

2. start a new trajectory ~x† = ~x+ ~p with a small arbitrary perturbation ‖~p‖ = δx
and evolve both for a short time δt,

3. evaluate the deviation ∆ = ‖ ~x† − ~x‖,

4. renormalize the second trajectory for the deviation to have the same amplitude

as the one we started with ~x† = ~x+δx∗( ~x†−~x)/‖ ~x†−~x‖, but keep the direction
of the perturbation the same so that the maximal exponents takes over in the
course of several repetitions,

5. loop to step 3 and average the quantity 1
δt log(∆/δx) which tends towards the

maximal Lyapunov exponent.

Here ‖·‖ stands for the L2 norm: ‖~v‖ =
(∑

i

v2
i

)1/2

.

The more general approach concerns cases where we do not have access to all the
variables but only a few, in the extreme case only one x1 - common when dealing with
real data. In such case the state of the system has to be characterized with several
historical values, ~w = (x1(t), x1(t − ∆t), x1(t − 2∆t), ...), and then the algorithm
above can be used as before. This is the case in section 4.2.2.
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4.4 Discussion

The aim of this study was to test the predictive capacity of recurrent neural network
applied to different oscillatory systems. One problem common to all oscillators is
that the state space collapses to a low-dimensional manifold and therefore any recon-
struction only allows the prediction on that inertial manifold. However, if perturbed
we can achieve a much better understanding of the system around its attractor. We
even can follow and predict a bifurcation outside the range of values which were pro-
vided by the data. This is a notable fact and it may as well work for other methods,
like symbolic regression.

We have applied the method to a range of oscillatory systems, from a time-delay
oscillator with a period-2 orbit (Sec. 4.2.2, Fig. 4.5), to an excitable system (Sec. 4.2.2,
Fig. 4.4), and finally a chaotic attractor (Sec. 4.2.2, Fig. 4.2). We demonstrate that
the trained neural networks can be probed for dynamical responses. As typical char-
acteristics of oscillatory systems we estimated the phase response curve [55] (PRC),
the spiking rate, and the maximal Lyapunov exponent [111]. Other quantities, such
as the Floquet exponent [124], the amplitude response, the isochronal structure [7],
synchronization properties [15] etc. could be estimated in a similar way. We can
say that RNNs provide an effective way of estimating oscillatory properties from
timeseries, cf. [60, 58, 50, 122, 123]. Our way of applying them to data is novel and
should be explored further not only in the context of oscillations. It is, for example,
not clear how well RNNs perform for scaling systems like turbulence.

Since the success of each machine learning method depends on data, we performed
a statistical analysis on how the size of the training data set influences the inference.
The training data required for an effective inference proved to be reasonably small,
with only a few 10 periods sufficing for reliably estimating the mentioned dynamical
systems quantities. We used two popular recurrent network cells in our study: the
long short-term memory cell [116] and the gated recurrent unit [117]. The latter
proved to be inferior in performing these tasks (at least for the same network size).
We also tested the inference with the addition of measurement noise and it proved
to be robust, see section 4.2.3.

Along with this publication, we (RC) published a Python software package, Os-
cillatorSnap [125], available on the Python Package Index (PyPI) as: oscillator snap.
It contains most of the examples shown here as well as an array of high level func-
tions for analyzing oscillatory systems, such as, a function that computes the phase
response curve or the maximal Lyapunov exponent from dynamical equations as well
as from a trained RNN model.
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Chapter 5

Applications on data

We analyzed human gait recordings under anterior/posterior perturbations [130].
The perturbations were realized by stochastically varying the treadmill speed, the
timescale of which was comparable to the average person’s gait cycle. The recordings
were used to train a recurrent neural network, which learned to reproduce the sys-
tem’s dynamics. This required no assumptions. The trained model exhibited a stable
limit cycle, contrasting the notion of previous studies which suggest that human gait
is chaotic. We inferred its phase response curve by probing it at different phases of
the cycle, thus quantifying human gait’s dynamical response to anterior/posterior
perturbations.

Status: to be submitted
Associated software: OscillatorSnap @ Software section at the end.
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5.1 Introduction

Gait is a primary form of human locomotion. It enables us to move from A to
B even when the distance is substantially large. Walking and running come with
challenges as we have to put our body’s center of mass in close proximity of the
area of support to avoid falling. Given that we can often manage that at ease, one
might be tempted to conclude that the corresponding control process is a simple one.
This, however, is not the case. Since humans have bipedal gait our body acts like an
inverted pendulum and in order to control it the vast number of our muscles, each
with non-trivial response characteristics, need to be activated in a concerted manner
to produce stable gait.

Without going deeper into the anatomy and physiology of the human body, a
brief literature scan reveals numerous computational models that mimic human gait
and more or less account for the biomechanical and physiological reality. Most of
them aim for adopting behavioral/biological properties to humanoid robots and do,
in fact, encounter all but simple control strategies. Of course, one can qualify the gait
these robots produce by simply considering them unstable whenever they fall. When
studying human gait, however, deliberately letting participants of an experiment fall
is rightfully marked unethical. Hence, the question arises: how to quantify gait
stability? This question is not new but as of yet there is no consensus on how to
quantify this stability properly [135].

The dynamical system theory provides many means to quantify stability proper-
ties of a system. Local, structural, and global stability of an attractor can readily
be formalized but when it comes to determining corresponding measures from ex-
perimental data only local stability measures appear feasible and sufficiently robust
to estimate. In gait analysis, for instance the largest Lyapunov exponent, Floquet
exponents and multipliers have been used as proxies for stability [135, 134, 133]. Con-
clusions about general gait stability should be drawn with great care however, since
these quantities measure local divergence of (movement) trajectories rather than the
risk of falling (determining this certainly requires additional information about struc-
tural and global stability). Nevertheless, using the perspective of dynamical systems
is the appropriate approach. Determining the aforementioned quantities is laborious
due to statistical evluation of local divergence, and, more importantly, the quantities
provide information about stability of the entire attractor. This is unfortunate be-
cause gait stability is known to vary substantially within a gait cycle: perturbations
may have entirely different consequence when applied in the legs swing phase than
in the stance phase.

In search for alternative assessment we approach this challenge from a different
angle and train an artificial recurrent neural network to describe experimentally ob-
served movement trajectories. Once trained, this network can be readily perturbed
which allows for determining any arsenal of stability measures at ease, be that mea-
sures of local stability or, if the resulting model turns out to be a low-dimensional,
stable limit cycle, measures to quantify this type of dynamics like the phase response
curve. By explicating this approach we sought to illustrate the potential benefits
for such a machine learning method to recover known and identify new dynamical
properties of human gait.
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5.2 Data description

We included data collected by Moore and coworkers [129], who measured 3D whole-
body kinematics and ground reaction forces during treadmill walking; cf. Fig. 5.1.
The data are available online via http://dx.doi.org/10.5281/zenodo.13030, [130].

Experimental procedures included trials during which pseudo-randomized acceler-
ations in the belts speed served as perturbations along the walkers anterior/posterior
direction. The maximum belt acceleration did not exceed 15 m/s2. An example
of the resulting speed fluctuations around a mean of 1.6 m/s, is shown in Fig. 5.2.
The characteristic time of the fluctuations was comparable to the average gait cycle
duration.

Kinematic recordings included 47 markers placed on anatomical landmarks using
a 10 Osprey camera motion capture system paired with the Cortex 3.1.1.1290 software
(Motion Analysis, Santa Rosa, CA, USA) and ground reaction forces were derived
from force plates in an instrumented treadmill (R-Mill treadmill with dual 6 degree
of freedom force plates, independent belts for each foot, along with lateral translation
and pitch rotation capabilities, Forcelink, Culemborg, Netherlands). All signals were
sampled at a rate of 100 Hz. For a more detailed description of the experimental
protocol and data acquisition refer to [129].

Figure 5.1: The setup of the experiment. The vertical direction is defined as y, anterior/posterior direction
as z and the mediolateral one as x. Figure adopted with permission from Moore 2015 (CC-BY-4.0) [129].

5.3 Approach

5.3.1 Signal selection

Since the current study was meant as a proof-of-concept for the usability of our
recurrent neural network approach to ’measure’ gait stability, we selected data from a
single participant (20 year old male, height 168.8 cm, 68 kg); see [130] for participant
#9. As shown in Fig. 5.2, we only included the position profiles of the pelvis marker
and determined the corresponding 3D-velocity to minimize a possible low-frequency
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Figure 5.2: A: The vertical position of the pelvis in blue (average over all 4 pelvis markers) and in B: The
treadmill speed in dark orange.

drift (whole-body displacement on the treadmill)1. We choose the pelvis marker
because of its closeness to the bodys center-of-mass, i.e. its displacement/trajectory
divergence can be considered informative about postural stability [131, 132].

5.3.2 Recurrent neural network

We employed a recurrent neural network with long short-term memory cells identical
to the one described in Chapter 4. The network contained one hidden layer with
100 nodes and we employed sixty past steps. The inputs for each time step were the
value of the treadmill speed p(t) and the vector of the pelvis velocity ~v(t), while the
output was the next vector of the pelvis velocity:

p(t), ~v(t) 7→ ~v(t+ ∆t)

The time resolution 1
∆t agreed with the 100 Hz sampling rate of the data. The

network was trained on the entire ten-minute walking session over 500 epochs with
a learning rate of 0.03. The input data is depicted with blue in Fig. 5.3A.

5.4 Results

After training, the data left its imprint on the recurent neural network’s dynamics.
The trained network could then be investigated to reveal its dynamics, which should
be reminiscent of the dynamics of the system from which we collected the training
data, human gait. Because the network was trained on both dependent and indepen-
dent variables (pelvis velocity and treadmill speed respectively) we could probe the
network with different realizations of the treadmill speed. The signal generated with
the true realization of the treadmill speed is depicted with green in Fig. 5.3B. Then,
the network was presented with a constant treadmill speed, in effect to see whether
it settles to an attractor and what type of attractor that would be. The network
was shown to settle to a limit cycle. This was apparent from the spatially isolated

1Velocities were determined via a two-point derivative scheme. Although this procedure sub-
stantially amplifies measurement noise, we did not apply any smoothing since the training of the
recurrent neural network can effectively reduce measurement noise; see Chapter 4, section 4.2.3.
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Figure 5.3: A: The velocity of the pelvis in blue (determined with a simple two point derivative scheme)
and the limit cycle of the inferred neural network model in red. B: The trajectory of the neural network

model perturbed with the true treadmill velocity variation.

and periodic trajectory, depicted with red in Fig. 5.3A. By probing the network for
divergence of nearby trajectories we quantified the largest Lyapunov exponent to be
0, i.e. two nearby trajectories never diverge over time, further indicating that the
network’s attractor is a limit cycle.

5.4.1 Phase response curve

Since the trained model seemingly demonstrated a stable limit cycle, we determined
its corresponding phase response curve. For this, we probed the trained model for
asymptotic phase shifts when perturbed, as outlined in Chapter 4, Section 4.3.2.
The obtained phase response curve can be seen in Fig. 5.4, where characteristic
events of a gait cycle such as heel-strike and toe-off moments are indicated with
vertical lines for reference. Further for reference in the figure we also included the
3D-position of the pelvis throughout the cycle with color lines, these positions were
determined by integrating the limit cycle velocities. The frequency of the vertical and
anterior/posterior direction was twice of that in the mediolateral direction resembling
steps vis-à-vis stride frequencies. This agreed with the PRC’s resemblance of the first
half period (0, π) to the second half (π, 2π). In fact, the PRC displayed three phases
most sensitive to asymptotic phase shifts: one corresponded roughly to the moment
of toe-off, the other one to the maximum vertical position and the third one to the
most anterior position. The phase response curve turned out predominantly positive
implying that, as one could expect, the gait cycle duration was reduced whenever
a perturbation was in the direction of walking and slowed down in the opposite
direction.

5.5 Discussion & Conclusions

Our recurrent neural network model could be readily trained to the 3D-velocity
profiles of the pelvis of a single participant walking on a treadmill with randomly
perturbed speed. We found that the inferred model contained a stable limit cycle
(Fig. 5.3) contrasting the notion of previous studies which suggest that human gait is
chaotic [133, 134, 135, 136]. This does not prove that gait is governed by limit cycle
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dynamics but merely suggests that the dynamics that best describe perturbed gait
within the framework of a recurrent neural network model are limit cycle oscillations.
Further studies are needed to definitively answer such questions.

Given its limit cycle characteristics, the network model allowed for estimating the
phase response curve with respect to anterior/posterior perturbations (Fig. 5.4). The
phase response curve is a universal property of an oscillator. It is a good candidate
for quantifying gait characteristics such as stability, since it by definition quantifies
the sensitivity to perturbation, albeit this correspondence is yet to be tested further.
Alongside the phase response curve, our approach allows us to measure other phase
dependent quantities as well, such as phase dependent scaling exponents. We recom-
mend the further use of inferring dynamical properties via probing a generic model
trained on data, particularly in cases where perturbing factors can be measured.
These perturbations can be incorporated into the model which allows for isolation of
the system and the dynamics of interest.

While we have quantified the response of human gait to anterior/posterior pertur-
bation this certainly is not the only factor influencing it. The gait pattern can vary
in many ways, depending on constraints imposed by stability, energy cost and atten-
tion, as well as inherent variability due to motor noise. Most of these factors can not
and were not controlled in the data we analyzed. This is also why the reconstructed
trajectory does not match the original data completely (Fig. 5.3).

In conclusion, neural network model inference proved powerful for estimating
dynamical properties that are generally difficult to statistically distill from data. Our
preliminary results on the analysis on human gait recordings indicated the presence
of a stable limit cycle in the model, which is surprising and should be investigated
further with larger datasets and additional methods in order to better understand
the fundamental dynamical driving of human gait.



Chapter 6

Discussion

This thesis summarises several methods for inferring dynamical properties of oscil-
latory systems from observations of their time series. In Chapter 2, I introduced a
method aimed at estimating the phase response curve from observations of a single
self-sustained oscillator [50]. The method was designed for spiky oscillators, and
therefore requires times of spikes (or other events) as well as the knowledge of the
perturbing force. It yields an estimation of the phase response curve and natural
period as well as of the asymptotic phase as a function of time. In Chapter 3, a
similar idea was implemented in a method designed for inferring the connectivity of
a network of pulse-coupled units [51]. It requires the spike times (or other events) of
all units and yields the weighted connectivity between units as well as the properties
of units themselves, namely, their natural period and phase response curve. Chapter
4 is slightly different but devoted to the same theme. It introduces a scheme with
artificial neural networks that allows the inference of many dynamical properties [52],
and is applicable to many different kinds of oscillatory systems, from self-sustained,
to excitable and even chaotic. In Chapter 5, I applied the scheme of Chapter 4 to
human gait data. An artificial neural network model was trained on gait data and
contrasting the common belief, it exhibited non-chaotic dynamics. From the model,
the phase response curve was extracted. In this chapter I discuss extensions and ap-
plicability of my methods as well as their expected behaviour in settings that break
their assumptions.

6.1 Improved phase approximation

In the introductory Section 1.2.2 I outlined how to approximate the phase from signal
observations. Here I discuss how one may improve its accuracy as well as quantify
the magnitude of the error. I refer to the approximation introduced in the Introduc-
tion 1.8 as the zero approximation ϕ(0), since it disregards the isochronal structure.
For a more accurate approximation the isochronal structure has to be considered,
which implies considering the amplitude. Amplitude can be defined in different ways.
Note that there is a trade-off between amplitudes that are ”easy” to determine from
time series, and amplitudes that yield simple dynamical equations [126, 17, 138]. An
example of the former is:

A(R, θ) =
R−R0(θ)

R0(θ)
(6.1)

where R0(θ) is given by the corresponding radial coordinate of the limit cycle. This
amplitude is defined to be 0 on the limit cycle, positive outside and negative inside.
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An example for the second case is amplitude that for autonomous dynamics follows
the equation:

Ȧ = µA (6.2)

Regardless of which exact definition of amplitude is considered (definition for
simple evaluation (6.1) or neat dynamical equations (6.2)), its incorporation can
improve the accuracy of the estimated phase. I refer to the approximation where
amplitude appears linearly as the linear approximation ϕ(1):

ϕ(1)(R, θ) = ϕ(0)(θ) + α(θ)A(R, θ) (6.3)

where ϕ(0) is the zero approximation of the phase (1.8) and α is a function of the
protophase θ which holds the information of the inclination of the isochrons on the
limit cycle. How to estimate this function from a general signal is an open problem.

To improve the approximation further away from the limit cycle, one possible
expansion is:

ϕ(R, θ) = ϕ(0)(θ) + αA+ βA2 + γA3 + ...

where all α, β, γ and further terms are functions of the protophase θ. However, one
faces the same problem of not knowing how to estimate them in general.

6.1.1 Error of the phase estimated from time series

From the difference between the zeroth (1.8) and the linear (6.3) approximation
one can realize that the zeroth approximation (even without considering any errors
from the embedding) has an error of the order O(A), i.e. first-order in amplitude.
This does not seem too bad, particularly since amplitude is asymptotically stable and
therefore amplitude variations are typically not very large. However, when evaluating
the phase derivative in such a way one makes an error of the order O(Ȧ), i.e. first
order in the amplitude’s derivative. Note that, even for vanishing perturbations the
amplitude derivative can in general be of the same order of magnitude as the phase
derivative, calling for caution when phase derivative is evaluated without any a priori
knowledge of isochrons.

6.2 Why the use of integrated phase form?

In Chapters 2 and 3, I assumed that the system can be described with the Winfree
phase equation:

ϕ̇ = ω + Z(ϕ)p(t) (6.4)

The idea for using the integral form equation:

2π = ωT +

∫
T

Z(ϕ)p(t)dt (6.5)

served to develop a method for evaluating the phase response curve using nothing but
the timings of the units’ spikes, which are all assumed to occur at a particular phase.
For continuous time series, one may try evaluating the phase via signal embedding
(Section 1.3) and a protophase-to-phase transformation (Section 1.2.2) and numer-
ically evaluate the phase derivative, which would suffice to infer the PRC directly
from equation (6.4). However, this intuitive procedure may not work in general.
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The instantaneous phase derivative evaluated in this way has an error of the same
order of magnitude as the phase derivative itself, see Section 6.1.1. This is due to
the isochronal structure of the oscillator. The magnitude of this error is particularly
easy to miss since the actual values of the phase (as opposed to its derivative) can be
evaluated with a relatively small error even when ignoring the isochronal structure.

6.3 The effect of unknown inputs on the quality of
inference

In this section I discuss the behaviour of the method of Chapter 2 when the system in
question contains perturbations that are not measured. I consider a two dimensional
limit cycle oscillator:

ẋ = y − sin(y)x/4 + u(t)

ẏ = −x+ cos(x)y/4 + p(t)
(6.6)

where p(t) is the known input and u(t) the unknown one. I set the unknown input
to be an Ornstein-Uhlenbeck process [26] (4.3) with fixed correlation time τu = 0.02
and amplitude εu = 0.2. Then, I introduce different strengths of the known input
εp and record the error measures ∆ψ, ∆ψT (2.12, 2.13). These error measures,
introduced in Chapter 2, quantify the irregularity of the time series and how much
of it is explained by the inferred model. Since the method takes discrete time events
as inputs, they are generated by signal threshold-crossings. I use long time series of
roughly 1500 periods for the inference. The irregularity of inter-event intervals ∆ψT ,
grows with the strength of known forcing εp as expected, and has a non-zero value at
εp = 0 due to the unknown forcing εu. The error of inference ∆ψ, that corresponds to
the deviation of the recorded inter-event intervals from our considered model, stays
close to the value of irregularity due to unknown forcing only (∆ψT at εp = 0). This
makes sense since we can only infer relations for which we have observations. For
higher values of the known forcing εp, the error ∆ψ begins to grow. This is likely
due to the diminishing validity of the linear phase model (6.4) at higher amplitudes,
see Figure 6.1. What is perhaps more surprising is that a similar picture is true for a
chaotic oscillator without any unknown inputs. I have mentioned before that while
chaotic oscillators strictly speaking cannot be described purely with phase dynamics,
it might be reasonable to approximately describe them with something representing
the phase and an intrinsic stochasticity accounting for diffusion [137, 127]. This
test provides an argument for the validity of this description, see Figure 6.1. The
oscillator in the test is a Roessler oscillator [4]:

ẋ = −y − z
ẏ = x+ ay + p(t)

ż = b+ z(x− c)
(6.7)

a = 0.03, b = 1.5, c = 100 and τp = 0.2, and the input p(t) is an Ornstein-Uhlenbeck
noise as before.
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Figure 6.1: Comparison of a chaotic oscillator with a noisy limit cycle oscillator, using the method of
Chapter 2. A,B,C: a limit cycle oscillator with unknown input and in D,E,F: a chaotic oscillator. In A
and D: the inference errors with respect to the known input strength εp, ∆ψ with blue squares and ∆ψT
with gray triangles. For each εp three measurements were made. In B and E: the true phase response
curve in thick gray (for the chaotic oscillator I took the curve of a limit cycle with similar parameters)
and three reconstructed ones in purple, corresponding to values εp = 0.15, 0.3, 0.45 for A and εp = 1, 2, 3
for D. In C and F: the trajectory of the system without known input in green and the trajectory with
known input in gray. In C: εp = 0.3 and in F: εp = 2.5. Panel F also has a zoom into the twisting part of
the attractor, there I depict the points corresponding to the same value of the phase in red. It is possible

to see the folding of the Roessler system.
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6.4 Applicability of my methods to systems that
deviate from phase dynamics

The methods from Chapters 2 and 3 assume phase dynamics in the Winfree form (6.4).
This equation is the first-order phase expansion for a limit cycle oscillator perturbed
by a scalar force p(t). As such, it is valid only for weakly perturbed limit cycle oscil-
lators that stay within the vicinity of their limit cycle. For stronger perturbations or
dynamics different from limit cycle oscillations the validity of the equation diminishes
which is reflected in the poorer quality of reconstruction using my methods. Here I
discuss my methods’ applicability to systems that deviate from the Winfree phase
description. The discussed cases will be:

• a limit cycle oscillator with a strong perturbation,

• an excitable oscillator,

• a chaotic oscillator.

I discuss each case individually.

6.4.1 Strong forcing

Forcing strength is vaguely defined. What I consider weak, is forcing that keeps the
variation of successive rotations low and allows the system to be described with a
phase equation, where the phase variable grows monotonically. Forcing that breaks
any of the mentioned conditions will be considered strong. There is a wide range
of strong forcings, and certainly any oscillator can be forced so strongly that my
methods will fail. However, at what point they begin to fail depends on the specifics
of the oscillator. For example, one oscillator I have tested my methods on is the
Morris-Lecar neuronal model [65]. I was able to infer its dynamics even from what is
considered very strong forcing, where the variation in the periods exceeds an order
of magnitude and the asymptotic phase at times clearly decreases for an extended
period of time, see Fig. S2.2 for an example. This oscillatory model is so robust
due to its dynamics. It has a limit cycle on which the flow slows down significantly
in a narrow region, see its isochronal structure in Fig. 1.4C. The oscillator spends
the majority of its time in this narrow region and only rapidly whirls by the rest
of the cycle. When the oscillator is moving fast, it is less prone to perturbations.
Therefore most of the forcing happens in that narrow slow region, where the forcing
has a simplified effect.

In general, a strongly forced oscillator cannot be well described by a linear phase
equation. However, a self-sustained oscillator might still have a clearly defined asymp-
totic phase, even far from the limit cycle, that is, as long as the perturbations do not
lead the system out of the limit cycle’s basin of attraction. As such, the system may
not be well described by the linear phase equation, but might still be well described
with a phase equation if a few more terms and/or variables are considered. The
natural extension is to include amplitude [126, 17, 138].

6.4.2 Excitable systems

For an excitable system there is no way to define the asymptotic phase that would be
analogous to the phase for limit cycle oscillations. The autonomous system does not
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have a natural frequency. However, it has a characteristic time, namely the excursion
time te, which is the time it takes for the autonomous system to go from the excited
state back to the resting state. As said, the excursion time cannot be non-arbitrarily
defined (Section 1.1.2), yet together with a definition it still describes the system
dynamics sufficiently well. In a way, an excitable oscillator acts like a hybrid system:
from the start of the excitation until it reaches the resting state it can be treated
rather like a self-sustained oscillator (with the excursion trajectory being like a part
of the limit cycle) and the time it stays in the resting state it acts, for practical
intents and purposes, like a simple stable fixed point. Thus, one can consider the
two different modes of the oscillator separately. If the system spends very little time
in the resting state, then my methods might work well. Admittedly, most excitable
models never yield regimes where my methods could be applied successfully, even if
they were in their most coherent oscillatory regime [5].

6.4.3 Chaotic oscillators

A rigorous concept of the asymptotic phase cannot be associated with a chaotic
oscillator (Section 1.2). The positive Lyapunov exponent causes divergence in the
system, which ambiguates the concept of phase. Therefore in general, the methods
of Chapters 2 and 3 will not work well. However, for an oscillator in a regime
that is strictly speaking chaotic but is not far from limit cycle oscillations (e.g. a
system close to a bifurcation to chaos) the divergence might be weak and therefore
some effective phase could still allow for a decent representation of the system with
a phase equation. An interesting way to imagine this is by describing the chaotic
oscillator (e.g. Roessler) with a phase variable and intrinsic noise that accounts for
the phase diffusion [137, 127]. This scenario is equivalent to having a true phase
oscillator forced by an unknown input, and as discussed previously, this situation
breaks the inference if an unknown input is dominant, see Section 6.3 and Figure 6.1.

6.5 The maximal information content of data

In this section I discuss the limits of information content of data. Data can only
contain information on the region of state space it occupies. This means that from
arbitrarily long time series of a system on its attractor one cannot make any definite
conclusions on the dynamics in the surrounding state space. Assumptions can aid in
bridging some information gaps, but they should be used with caution, as spurious
assumptions can lead to wrong conclusions.

As an example, let us consider finite dimensional ODE systems, ~̇x = ~f(~x), ~x ∈
RN . An arbitrarily long time series of the complete state ~x(t) contains complete
information on the model that generated it. What about a partial state, for example
only a scalar variable xi(t)? The Taken’s embedding theorem [25] ensures that in
general this is the case. An exception to this are decomposable systems, called skew
systems, where some variables are not influenced by the rest and therefore have no
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causal relation with a part of the system. For an example of such a system, consider:

ẋ = fx(x, y)

ẏ = fy(x, y)

ż = fz(x, y, z, w)

ẇ = fw(x, y, z, w)

(6.8)

and suppose it has a chaotic attractor. While the z and w are generic variables
that contain all the information, x and y do not, since they form a disconnected
sub-system, which is two dimensional and can therefore only be oscillatory and their
model would certainly not have a positive Lyapunov exponent.

Now let us consider perturbed systems. Imagine a system with an attractor for
which we have observations of the autonomous dynamics. So long as our observa-
tion starts in the basin of attraction, the system will relax to its attractor. Unless
provoked, it will not leave it, which means that arbitrarily long observations of the
autonomous dynamics will contain little to no information of the dynamics around
the attractor. The situation changes if the system is perturbed. Then, depending on
which parts of the state space the system visits, the observations of the perturbed
system may contain information on the dynamics beyond the attractor. The pertur-
bation however, introduces a new twist to the puzzle: the Takens’ theorem does not
apply to perturbed systems. This makes the field of inferring dynamical properties
from partial observations of systems under perturbation still an open research area.

This leads me to pose some important questions of the field:

• Can dynamics always be inferred from observations of a perturbed limit cycle
(the perturbation is also measured)? This is not an easy question and I cannot
answer it in its generality, but it is likely true if the perturbation is variable
enough. It can be hard to find even specific methods that are effective. The
method I present in Chapter 2 is designed for the case of an oscillator that
follows the linear phase equation (6.4). The method I present in Chapter 4
is more general because it leaves the problem of inference to a more versatile
model - a neural network. Despite successfully testing on several examples, it
is not clear whether this can always be achieved.

• Is it possible to infer the phase dynamics of a perturbed oscillator from obser-
vations of the protophase (as defined in the Introduction 1.2.2)? I can answer
this, and in general the answer is no. This is due to the minimal error one makes
when evaluating the asymptotic phase from protophase, see Section above 6.1.1.
The exception to this are oscillators with radial isochronal structure, in their
case the angle protophase is bijective to the phase, and that bijection can be
reasonably well estimated.

6.6 Inferring connectivity from data that do not
fulfill assumptions

In Chapter 3, I introduced a method for inferring connectivity of a network of pulse-
coupled oscillators. It is based on the method presented in Chapter 2 so it has the
same assumptions: the oscillators are to have stable limit cycles and the perturbations
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are to be weak enough to allow a phase dynamics description. Further, I assumed
that there is no delay in the coupling. When these assumptions are not fulfilled the
inference will have some artifacts.

Let us discuss each case separately. First, if the delay is non-negligible:
suppose each pulse emitted from unit j reaches unit i after some time τij . If the
coupling is rather weak, then this will not disrupt the inference of my method much.
It will shift the phase response curve, but the strengths of the recovered connections
will be roughly the same. It is when the coupling gets stronger that greater errors
occur. In order to correct for that one has to incorporate time-delay into the model.
This is feasible if one considers that all connections have the same delay. Then, one
may do a one dimensional search over the different delay values and take the value
that best fits the data, i.e. that yields the smallest errors of reconstruction (2.12).
By the same principle one could also do it in the case where each connection has a
different delay value, however, then the search would be higher dimensional rendering
it less feasible.

Second, if the individual oscillatory nodes are either chaotic or excitable. If they
are chaotic: several factors will affect the inference, most notable being the structure
of the attractor and the value of the largest Lyapunov exponent. For a simple loop
attractor, e.g. Roessler system, larger values of the Lyapunov exponent will disrupt
the inference more. If they are excitable: one can treat the oscillators as being in
roughly two regimes: the resting state, where the system remains bounded in a part
of the phase state, and the excited state, where the system enters an oscillation. The
time it takes the system to go from the excited state to the resting state is called
the excursion time te and the time it spends in the resting state the resting time
tr. During the excursion time the system behaves very similarly to a self-sustained
oscillator. Thus, if the resting times are on average much smaller than the excursion
times, tr � te, the inference might work reasonably well. It is in general difficult to
find such conditions with excitable systems, even in regimes of coherence resonance [5]
where the signal is most coherent, the resting times are usually considerable. I expect
that the inference for excitable systems will be on average inferior compared to chaotic
systems.

For a completely general system, it is difficult to expect a valid quantitative in-
ference from my method that assumes particular dynamics. Nevertheless my method
will likely detect connections between signals that are correlated and possibly even
distinguish causal relationships.

6.7 Too few data

When data is scarce, errors appear. This is natural, some features require large
amounts of data and shorter time series simply do not contain all the information
required to determine them accurately (cf. Section 6.5). A paradigmatic example of
this fact is the determination of the note pitch (frequency). Humans can gauge pitch
with our hearing sense (between 20-20000Hz), e.g. musicians tuning their instrument
need to be able to precisely sense the frequency of a note. To achieve this they have to
listen to it for a ”long” time (in this case seconds). This has foundations in physics,
if we want to determine the frequency of a signal accurately we have to observe it
for a long time. It is not just a matter of having a better measuring device, this is a
fundamental limitation that the length of time series determines the accuracy of the
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signal’s frequency; that is why the Fourier transform of a short package of oscillations
yields a wide distribution of frequencies. Similar principles apply to my methods -
for a more accurate prediction longer time series are needed.

For the method of Chapter 2 less data translates to poorer accuracy of the phase
response curve prediction. If some ranges of the phase are not stimulated enough
during the limited time series, then those ranges will be poorly determined. This
means that in those regions the minimization cost function is not affected much and
therefore, one expects to see high arbitrary variations there. In such cases it can be
beneficial to use fewer harmonics to describe the phase response curve. That way
the arbitrary variation is limited, albeit at a price of a smaller solution space.

For the method of Chapter 3, the features most sensitive to limited amounts
of data are the phase response curves of individual nodes. Connectivity inference
seems to be much more robust and often accurate even if the phase response curves
are not. Of the connectivity features, the most sensitive are identifications of non-
existing links between nodes that are strongly correlated due to effects of common
forcing and links that actually have strong causal interaction but not via a direct
link (see Scheme 1.1 in the Introduction). My method is most likely to make false
conclusions in these cases.

The method of Chapter 4 suffers the drawbacks of artificial neural networks,
which is first and foremost overfitting in the case of limited data. The topology of
the networks should be chosen appropriately to minimize the possibility of overfitting.
This can be done by making the network more sparse for example (commonly referred
to as dropout). It is conceptually a similar idea to using fewer Fourier harmonics for
the method of Chapter 2. Overfitting in this case would mean that the network learns
to reproduce the limited time series too closely and because of that fails to grasp any
generic properties of the system, e.g. on a short chaotic time series it might just
learn to reproduce a purely periodic signal. Inferring dynamical properties from an
overfitted network like this results in arbitrary errors, e.g. if the network reproduces
a purely periodic signal its maximal Lyapunov exponent will be 0.

6.8 Machine learning with neural networks

6.8.1 Hyperparameters of neural networks

The typical hyperparameters of neural networks are the number of nodes and the
activation function. The choice of the activation function is in general not trivial
but it was for my purposes less crucial. What was crucial was the size of the net-
work. Smaller networks with fewer nodes cannot reproduce very complex dynamics.
For example, take a simple feed forward neural network that has only one node in
one of its hidden layers. Such a ”bottleneck” causes the network to only be able to
learn linear relations, regardless of the number of layers or their number of nodes.
In general, it is difficult to specify which features a neural network gains with each
additional node. Here, it suffices to say that the complexity of the network grows ex-
ponentially with additional nodes. Choosing the proper size of the network is difficult
since the network has to be big enough to be able to reproduce the desired features,
but not too big to overfit. Also, larger networks are computationally expensive. The
hyperparameters are therefore typically determined via trial and error.
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6.8.2 How to know the inference is correct when using ma-
chine learning?

Suppose we train a neural network to reproduce some time series and it reproduces
them well. Then we perform an active experiment on the trained model to obtain
some characteristics, like for example the phase response curve. How can we test
whether that inference is proper? If the signal is well reproduced that should already
be a good indicator that it is correct. But what could happen is that a different model
reproduces the signal equally well but has different characteristics. In that case one
can conclude that the signal does not contain enough information to determine the
property one wants to infer (see Section 6.5 on data information content).

6.8.3 The complexity of the trained model

As shown in Chapter 4, Section 4.2.3, the recurrent neural networks when trained
on a noisy signal filter out fast noise. They do this by only learning robust features.
How can we tell which features are robust and which ones get filtered out? Certainly
it depends on the size of the network. If one takes a network too small to produce
chaotic dynamics, then if that model is trained on chaotic data it will filter out part
of the complexity that gives the system its chaotic dynamics (similarly to how only
two first-order ODEs cannot yield chaos). So the networks have to be big enough
to structurally allow the complexity of the dynamics we are interested in. With the
same idea in mind we can deduce how the networks filter out noisy features. It can
be expected that as bigger and bigger networks are considered, less and less features
will be filtered out, until even the noisiest features will leave their imprint on the
network. Typically one does not want very noisy features to contribute, but that is
generally not a problem since the network would have to be very large to see the
reproduction of very complex processes that resemble stochastic noise.

In Chapter 5, Section 5.3.2, where I trained a recurrent neural network on record-
ings of human gait the trained model was not chaotic, it had a stable limit cy-
cle. This was unexpected since many scientist who study gait consider it to be
chaotic [133, 134, 135, 136]. The neural network filtered out any dynamics that can
be considered chaotic. The possibility that the network might not be able to support
chaotic dynamics can be ruled out, since I have used 100 nodes and before I was
able to infer chaos with only 32 nodes, see Figure 5.3. In either way, this does not
definitively prove that gait is indeed non-chaotic, it is merely an empirical argument.

6.8.4 Inferring connectivity with neural networks

In Chapter 4, I have used neural networks to infer the dynamics of a single oscillator.
This was accomplished by training the network to reproduce the signal of a perturbed
oscillator and then inferring dynamical properties with an active experiment on the
trained model. The shape of the input and output of the network is completely
adjustable. The training scheme is the same whether we train a network to reproduce
a single signal, or several ones. A natural attempt for inferring the connectivity of
a network of oscillatory units with neural networks would therefore involve training
one neural network on reproducing signals from all the nodes. If the network learns
to reproduce the signals well, a number of basic active experiments can be applied
to infer the connectivity, such as, setting all but two units to give zero output and
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evaluating the effect the two units in question have on one another. In practice, as
the size of the network gets larger this direct approach might quickly become too
demanding in both computation time and the amount of data required, however it
is feasible for a few units.

6.9 Conclusions and outlook

Oscillatory systems are found in nature throughout all spatial and temporal scales,
and while some present themselves for easy study, most of them come embedded
in their environment, coupled to their surroundings and not easy to isolate. It is
for these oscillatory systems that we require methods of inferring properties from
observations of the system in its natural environment only. While some particular
problems of this nature have been solved in their generality, such as topological
attractor reconstruction for unperturbed autonomous systems for example [25], many
of them have not been addressed yet and the field of developing methods for inferring
dynamical properties from observations is largely open. In this thesis I address
the methodology of inferring dynamical properties from observations of perturbed
systems.

Three novel methods in total are presented in this thesis, each for a slightly differ-
ent setting. The method of Chapter 2 was developed with spiky oscillators in mind
and is therefore ideally suitable for inferring the PRC of coupled neurons, given that
they are reasonably close to following limit cycle dynamics. But it is more gen-
eral, it is suitable for any oscillator that we can collect time events from, whether
that be because the oscillator is inherently discrete, or that we can only (or chose
to only) observe certain time events (e.g. for continuous signals, events can simply
mean threshold crossings). Therefore, this method is also applicable to discrete os-
cillators such as digital electronic components or potentially even more obscure ones
such as multistable perception [139]. Its restriction is that the underlying dynam-
ics of the studied system have to be well described with phase dynamics, which is
usually the case only for weakly perturbed and not very noisy limit cycles. The
method of Chapter 3 shares the same root idea with that of Chapter 2, but it is
extended for inferring connectivity of oscillatory networks. Therefore, it is ideally
suited for inferring the complete model connectivity (PRCs of all nodes and directed
weighted coupling strengths) of small networks of neurons or other spiky cells, again,
given that they roughly follow limit cycle dynamics. Its potential applications go
beyond neuroscience however, with any network of oscillatory units being a poten-
tial candidate, e.g. interacting electronic oscillators or interacting biological rhythms
(circadian rhythm, cardio-respiratory interactions etc.). It shares its restriction with
the method of Chapter 2, namely that network nodes have to be decently described
with phase dynamics. The method of Chapter 4 is most general both in the sense
that it makes no assumptions on the dynamics, and that it can be easily extended to
small networks. This makes it applicable to a range of systems and have adaptable
goals, whether that be forecasting, quantifying system bifurcations or obtaining the
isolated system model. But it comes with its own caveats, namely, it has a number
of hyperparameters one must choose, and there is no systematic way to choose them.
This means that inference can require a lot of trial and error, and if it does not work
it is never certain whether it can inherently not be done of if one needs to try other
hyperparameters.
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When developing methods, one learns things about the nature of the problem
that might not be obvious from the beginning. It is just as important to know
which approaches lead to success as it is to know which approaches are bound to
fail, so that others do not fall into the same pitfalls. An example of such a pitfall
is the error of the phase derivative when neglecting the isochronal structure. Many
inverse problems rely on estimating the phase and its derivative before inferring a
phase equation. While the phase may be reasonably well estimated, its derivative
is significantly less accurate without the knowledge of the isochronal structure, see
Section 6.1.1 for more details. Our methods overcome this, as they do not rely on
the assumption of radial isochrons.

Additionally, the process of method developing includes familiarizing oneself with
the tools that are available, and possibly contributing to the development of new
tools. For example, the methods of Chapters 2 and 3 use an iterative procedure to
solve the nonlinear problem. Such an iterative procedure could be applied to many
other nonlinear problems as well.

The methods presented in this thesis open up possibilities to study systems that
were before out of reach, or at least to study some system from another point of
view and in more detail. For example, in Chapter 5, I analyzed human gait with the
method of Chapter 4 and found intriguing results, namely that human gait might
not be chaotic. This shows how all these methods can easily transcend the realm of
method studies and become interdisciplinary tools, tacking pressing problems in a
range of scientific fields.



Additions

Software

Throughout the course of my PhD I have written a lot of code. Here are a few codes
that are well presented and complement my thesis.

OscillatorSnap
This is a high level Python package for inferring dynamics

using recurrent neural networks and machine learning.
It contains the examples presented in Chapter 4 [52].

It uses Keras [120] with TensorFlow [119]
for the lower level machine learning implementations.

Available at: https://github.com/rokcestnik/oscillator_snap
as well as on the Python Packaging Index PyPI as oscillator snap.

Isochrons
This is a c code implementation of a backward integration algorithm

for computing isochrons from dynamical equations.
Figure 1.4 in the Introduction was generated with this code.

Available at: https://github.com/rokcestnik/isochrons.
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Phase reponse curve inference
This a a c code implementation of

the inference method presented in Chapter 2 [50].
It uses the library Eigen [128] for the linear algebra.

Available at: https://github.com/rokcestnik/prc_inference.

Network inference
This is a c code implementation of

the network inference method presented in Chapter 3 [51].
It uses the library Eigen [128] for the linear algebra.

Available at: https://github.com/rokcestnik/network_reconstruction.

https://github.com/rokcestnik/oscillator_snap
https://pypi.org/project/oscillator-snap/
https://github.com/rokcestnik/isochrons
https://github.com/rokcestnik/prc_inference
https://github.com/rokcestnik/network_reconstruction
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Cover page

The cover of this thesis was generated with the help of an oscillator:

ẋ = y − sin(y)x

ẏ = −x+ cos(x)y
(A1)

which is the same oscillator as in Figure 1.4D. Its radially smallest limit cycle was
rotated counter-clockwise by an angle of i×2π/1000 and then time-evolved for T0/10
where T0 is the natural period of the limit cycle. This process was repeated n times
for each i ∈ [0, 999] and the final ”folded”1 limit cycles were plotted transparently
with yellow for n = 8, magenta for n = 9 and cyan for n = 10 with additive color
mixing. Finally the color intensity was non-linearly rescaled making the image more
vibrant.

Figure A1: Folding induced by repeated rotation and time-evolution. The smallest limit cycle of sys-
tem (A1) is plotted in red and then the following iterations of the folding process in colors following the

rainbow through yellow, green, blue to purple. The final, 11th iteration is depicted with a thin black line.

The backside cover of the thesis was generated by first evaluating the isochronal
structure of the same oscillator (A1). This was accomplished with a code I made
publically available, see Isochrons in the Software section. Then the structure was
streched with the radial transformation:

r → r
[
1 +

1

5− r

]
(A2)

and the isochrones colored with a rainbow pallete.

1Iterated rotating and time evolving induces folding. An example of this can be seen in Figure A1
(smallest limit cycle of system (A1), repeatedly rotated for an angle of 2π/16 and time-evolved for
T0/16).
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Summary

Oscillatory processes are omnipresent in the animate and inanimate
world. Oscillations come in different forms, be that purely periodic,
largely recurrent such as low-dimensional chaotic systems, or more er-
ratic such as high dimensional systems and systems under impact of
random noise. They can be observed across (almost) all temporal and
spatial scales. Take the example of physiological systems. Rhythms are
present on the microscopic spatial scale in cells and their compounds,
on the mesoscopic scale in groups of cells like populations of neurons
and other tissues, and on the macroscopic scale in organs like the brain,
the heart, lungs, etc., up to even rhythms spanning entire organisms.
Prime examples of these oscillations are neuronal spiking, beating of the
heart and the circadian rhythm, together spanning over five orders of
magnitude of both spacial and temporal scales. This abundance of oscil-
latory processes calls for in-depth theorizing of their emergence, which
typically relies on studying oscillators in operation. The ultimate goal
of such an endeavor is to identify generic quantities that help classify
the dynamics of oscillators. A corresponding mathematical treatment
that may eventually allow for predicting oscillatory behavior requires
first and foremost an acceptable simplification of the oscillatory process
under study.

A natural language for the dynamics of oscillators is phase dynamics,
which implies that an oscillator can be parameterized by a single, real-
valued state variable - the phase - which is typically imagined as evolving
on a circle and hence bounded to the interval from 0 to 2π. Within the
scope of phase dynamics the defining property of an oscillator is its so-
called phase response curve. This curve describes the sensitivity of the
phase to external perturbations and is utilized in many theoretical and
experimental studies. It may be estimated experimentally, in which the
system under study is isolated and subjected to particularly designed
and controlled stimuli. Unfortunately, isolation and control of a system
are often not feasible due to many reasons. For instance, if the system
under study is simply too large to be controlled, or if stimulating it could
potentially cause damage or is otherwise irreversible - in vivo assessments
of nervous activity might be a good example for this dilemma. In these
cases, any quantification has to rely on the normal, ongoing state of
system behavior, i.e. by observing the system in its natural environ-
ment, under free-running conditions. In this thesis, I present different
approaches to this inverse problem, concentrating particularly on phase
dynamics and the phase response curve.

Chapter 1 provides a general overview into the field of oscillatory



dynamics, in which I categorize the different types of oscillators and give
an introduction to phase dynamics. This is followed by a brief outline of
techniques used for obtaining dynamical properties from observations.
These range from signal embedding to state-of-the-art machine learning.
Throughout the thesis, I illustrate my numerical methods by applying
them to seminal oscillatory models, thus showcasing their strengths and
weaknesses as well as applicability to real data. The development of my
methods was motivated by the long term goal of untangling the dynamics
of many real world systems, notably the dynamics of biological neural
networks.

In Chapter 2, I present a method for inferring the phase response
curve from observations of a forced oscillator. It assumes the oscilla-
tor has a stable limit cycle and the forcing is weak enough so that the
system can be well described with phase dynamics. The forcing may
be stochastic or coming from other dynamical systems so long as it is
varied enough to ensure the signal of the observed oscillator is not pe-
riodic. Both the signal of the oscillator, as well as the forcing, have to
be observed to perform the inference. The method expresses the opti-
mization problem in terms of the integrated Winfree phase form, where
the phase response curve’s Fourier coefficients are iteratively updated
to better fit the phase model to the data. I also introduce an error
measure to help monitor the convergence of the solution. This mea-
sure can be computed solely from observations without any additional
knowledge of the system, allowing to monitor the quality of inference
even with data where the ground truth is unknown beforehand. Results
of the inference are illustrated for two common oscillatory models, the
Van der Pol oscillator and the Morris-Lecar neuron, both under impact
of weak random perturbations. While the first one is more mathemati-
cally motivated, the latter falls in the category of seminal neural models
as it is a reduced excitation model applicable to systems having two
non-inactivating voltage-sensitive conductances (originally it employed
an instantaneously responding calcium conductance for excitation and
a delayed potassium conductance for recovery in muscle fibers of the gi-
ant barnacle). Since my algorithm provides an error measure indicating
the quality of the inference that can be calculated solely from data, and
because it provides very promising results even when observations only
include a few hundred oscillations, it appears very suitable for studying
empirically observed oscillators. Note that in this study the perturba-
tions were realized as random dynamic noise that can be considered
omnipresent in experimental data. Hence, my approach is immediately
applicable to inferring phase responses using ongoing activity.



This success motivated the subsequent study summarized in Chap-
ter 3, where I generalized this approach in order to reconstruct a whole
network of pulse-coupled oscillatory networks. In addition to phase dy-
namics I assumed that phases are instantaneously reset by incoming
pulses. I employed two model systems: a network of toy oscillator mod-
els that generate ’spikes’ as soon as their phase reaches a predefined
threshold, and a more realistic network of Morris-Lecar neurons. From
observing the spike trains of all units the method recovers the properties
of all nodes (phase response curve and natural frequency) as well as the
strength of all directed connections. As in the previous method, a few
hundred observed pulses from each node suffice for a reliable reconstruc-
tion of a small network. That number does increase for larger networks
and there is a hard lower limit of having to observe at least as many
spikes as there are nodes.

The approach of Chapters 2 and 3, relies on reformulating the problem
of inference onto a known optimization scheme. In particular, I used the
least squares optimization, but others would work just as well. The novel
feature comes in the combination with an iterative procedure. This iter-
ation comes with an amazing convergence that can be readily monitored
with my aforementioned error measure. As illustrated, the computa-
tional demand of both methods is acceptable and the amount of input
data not excessively large. That is, both methods can be considered
very efficient, both in terms of computational and data requirements.

In the subsequent Chapter 4, I explored an alternative approach of
inferring dynamical properties from experimental observations. The rea-
son for this was that the previous approaches, albeit successful, required
perturbations to be weak and the system under study to be close to
limit cycle behavior. In this alternative approach these conditions are
not required. The approach consists of first selecting a generic model
capable of reproducing the empirical observations. This model is then
optimized to best fit the data, and therefore if its architecture allows it,
it should obtain similar characteristics to the original system. One can
then simply perform an experiment on the model as if experimenting on
the original system. Such active control in experiments allows simple,
well known practical methods to be utilized, thus putting within reach
a wide range of dynamical quantities that are typically difficult to distill
from data: the phase response curve and various scaling exponents just
to name a few. While this scheme may seem straightforward, it comes
with its own challenges. The most obvious one being how to infer the
model in the first place. To tackle this, I employed artificial recurrent
neural networks in combination with a mathematically robust machine



learning optimization algorithm referred to as stochastic gradient de-
scent. This machine learning approach can successfully reproduce an
array of empirical oscillatory signals as demonstrated in this chapter on
several examples: chaotic Roessler oscillator, time delay induced oscilla-
tions from the Mackey-Glass equation, and even an excitable neuronal
model FitzHugh-Nagumo. This is crucial to the entire approach since if
the generic model does not fit the data well, then any property we obtain
from it will be spurious. In contrast to the approach from Chapters 2 &
3, this turns out to be computationally costly and requires an appropri-
ate choice of hyperparameters, like the number of nodes, the (type of)
activation function, and so on. When it comes to analyzing experimental
data, the latter architectural parameterization might not be obvious at
all and may hence require repeated applications with trial and error. Yet
I could conclude that recurrent neural networks have significant capaci-
ties for identifying a system’s dynamics and are hence a great candidate
for the role of a generic model in this approach. The predictive power
of this machine learning approach is highly valuable and future studies
will certainly continue following the route that I outlined here.

As a first step in this direction, I applied the machine learning ap-
proach to analyze experimental data obtained from perturbed human
gait in Chapter 5. Participants walked on a treadmill and 3D kinemat-
ics were recorded. Gait was weakly perturbed by randomly changing
the speed of the treadmill. In this pilot assessment I investigated the 3D
velocity of the pelvis; the pelvis motion is often considered a marker of
gait stability. The recurrent neural network model was trained using the
corresponding time series and revealed that the pelvis’ velocity followed
stable limit-cycle dynamics rather than more complicated, chaotic be-
havior as suggested in several previous studies. Yet, these results should
be taken with caution as they were based on a single subject assessment.
Here, this analysis served as a mere proof-of-concept underscoring this
usefulness of the machine learning approach advocated in Chapter 4 for
investigating experimentally relevant data.

In the final Chapter 6, I discuss the applicability of the methods
presented in this thesis. In particular the methods in Chapters 2 & 3
come with certain assumptions. I provide ideas about their outcome
if these are not fulfilled. The approach in Chapters 4 & 5 requires a
minimal amount of input data, which is a well-known problem in the
machine-learning community. I relate this to the general problem of
limited information content in data and use this link to elaborate on
the more principal choices that have to be made when designing and
tailoring methods for inferring dynamical properties from experimental
data.
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